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Input-to-State Stable Bilateral Teleoperation by
Dynamic Interconnection and Damping Injection:

Theory and Experiments
Yuan Yang, Daniela Constantinescu, Member, IEEE and Yang Shi, Fellow, IEEE

Abstract—In bilateral teleoperation, the human operating
the master and the environment interacting with the slave
are part of the force feedback loop. Yet, both have time-
varying and unpredictable dynamics and are challenging to
model. Conventional sidestepping of the demand for their
models in the stability analysis assumes passive user and
environment, and controls the master-communications-
slave system to be passive too. This paper circumvents
the need for user and environment models in a novel way:
it regards their forces as external excitations for a semi-
autonomous feedback loop, which it outfits with a dynamic
interconnection and damping injection controller that ren-
ders time-delay teleoperation exponentially input-to-state
stable. The controller uses the position and velocity of the
local robot and the delayed position transmitted from the
other side to robustly synchronize the master and slave
under the user and environment perturbations. Lyapunov-
Krasovskii stability analysis shows that the strategy (i) can
confine the position error between the master and slave to
an invariant set, and (ii) can drive it exponentially to a glob-
ally attractive set. The approach has practical relevance for
telemanipulation tasks with given precision requirements.
Experiments with a pair of Geomagic Touch robots validate
the strategy compared to state-of-the-art robust position
tracking designs.

Index Terms—telerobotics, nonlinear systems, lyapunov
methods

I. INTRODUCTION

AS a tool for remote sensing and manipulation, a bilat-
eral teleoperator strives to synchronize its master and

slave robots tightly, and to provide its human operator with
useful haptic cues about the slave-environment interactions.
Therefore, the bilateral teleoperation feedback loop includes
the human who operates the master, the environment which
interacts with the slave and the master-communications-slave
system [1]. Because operators vary their dynamics according
to their volition, and environments are typically unknown,
neither are predictable or trivial to model [2]. Additionally,
the master and slave exchange information distorted by time-
varying communication delays [3]. Thus, bilateral teleopera-
tion is a nonlinear, time-varying and interconnected system
with communication delays and uncertain user and environ-
ment dynamics [4].
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The physical interaction between the robotic master-
communications-slave system (aka the teleoperator) and the
user and the environment (aka its external terminators) involve
exchange of energy [5]. As a key theory for modeling and
controlling the exchange of energy among interconnected
systems, passivity is often pivotal to the rigorous treatment
of closed-loop teleoperation without user and environment
models [6]. Existing research exploits the stability of the feed-
back interconnection of passive systems by assuming passive
operator and environment and by employing Lyapunov-like
analysis [7] or energy monitoring [8] to offer controllers which
maintain teleoperators with time delays passive.

Scattering-based, damping injection and adaptive strategies
can all be designed to provably stabilize bilateral teleoperation
with a unified Lyapunov-like energy function. Scattering or
wave-based control can render the time-delay communication
channel passive, as well as reduce wave reflections [9] and im-
prove trajectory tracking [10], [11] and transparency [11]–[15].
Damping injection control, Proportional-Derivative plus damp-
ing (PD+d) [16] or Proportional plus damping (P+d) [17],
and extensions to position-force architectures [18], output
feedback [19] and bounded actuation [20] implement a virtual
spring between, and local dampers at, the master and slave
sites. Joint-space [21], [22] and task-space [23], [24] adap-
tive strategies can synchronize master and slave robots with
uncertain parameters and constant delays.

Energy monitoring-based control can render the teleoperator
passive by dynamic damping injection, dynamic modulation
of the nominal control force, or both. Time-domain passiv-
ity control [25], [26] and extensions to eliminate position
drift [27] inject sufficient damping to dissipate the delay-
induced energy at each step. The energy bounding [28] and
passive set-position modulation (PSPM) [29] strategies regu-
late the nominal control inputs to ensure that the teleoperator
generates less energy than its physical and control damping
dissipates. The two-layer approach [8], [30] modulates the
forces computed in the transparency layer and adds damping in
the passivity layer to limit energy accumulation in the system.

Input-output stability provides another path to rigorous
stability of time-delay systems with uncertain dynamics [31].
In particular, input-to-state stability has diminished the conser-
vatism of passive strategies in haptic rendering [32], and has
offered robust position tracking for time-delay bilateral shared
control of an aerial vehicle [33].

This paper introduces a novel strategy for input-to-state
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stable (ISS) time-delay bilateral teleoperation. The new strat-
egy combines a dynamic master-slave interconnection with
dynamic damping injections to each robot. Although force-
reflection [8], [30], [34], [35] and force-reproduction [36]–[39]
architectures can improve transparency, force and acceleration
measurements are unavailable or noisy for many commercial
robots. Therefore, the proposed strategy relies on a position-
position structure. Its controllers require only the position and
velocity of the local robot, plus the delayed position of the
remote robot. Compared to conventional controllers based on
Lyapunov-like analysis [7] or energy-monitoring [8], which
stably connect the master and slave but cannot quantify their
error a-priori, the proposed strategy can limit the impact of the
user and environment on it. A key design step to bring about
this property is the transformation of the system dynamics into
a first-order passive form through properly designed sliding
surfaces. Compared to conventional feedback passivation [40],
the proposed strategy suppresses the Coriolis and centrifugal
effects of the Euler-Lagrange dynamics without compensation,
by simply modulating the Proportional and damping gains ac-
cording to the local velocities. To the authors’ best knowledge,
the dynamic interconnections and damping injection strategy
in this paper is the first to make time-delay teleoperation
exponentially ISS based on Proportional plus damping control.

The P+d [17], PSPM [29] and two-layer [8], [41] ap-
proaches are most closely related to the dynamic strategy intro-
duced in this paper. Whereas the P+d and PSPM algorithms
synchronize the master and slave exactly in the absence of
user and environment forces but over-inject constant damping
compared to the two-layer method, the dynamic strategy in
this paper offers a unique property for robust position tracking
in time-delay bilateral teleoperation: given full (unlimited)
actuation, it can confine the master-slave position error to
a prescribed invariant set, and can drive it exponentially
to a globally attractive set which includes the origin. The
invariant set quantifies the maximum master-slave position
error during teleoperation. The globally attractive set measures
their position error at steady-state. The rate of exponential con-
vergence from the invariant set to the attractive set quantifies
the transient response of the teleoperator. More importantly,
Lyapunov stability analysis shows that upper bounds on the
Lebesgue measures of the invariant and globally attractive
sets, and the rate of convergence to the latter, depend on the
control gains. This unique property of the proposed dynamic
interconnection and damping injection strategy can benefit
precision telemanipulation tasks: because constraints on the
master-slave position error map to a feasible set for the ISS
bilateral teleoperation, proper selection of the control gains
can make the feasible set positively invariant. Thus, the control
gains of the proposed strategy can be selected to tighten the
master-slave coupling, and to indirectly convey the slave-
environment interactions to the operator [30]. Experiments
with a pair of Geomagic Touch haptic robots compare the
controller proposed in this paper to state-of-the-art controllers.

II. PRELIMINARIES

A. System Dynamics
Let the master and slave robots be n-degree-of-freedom (n-

DOF) serial manipulators with revolute joints. Their joint-
space dynamics are:

Mm(qm) · q̈m + Cm(qm, q̇m) · q̇m =τm + τh,
Ms(qs) · q̈s + Cs(qs, q̇s) · q̇s =τs + τe,

(1)

where the subscript i = m, s indexes master and slave
quantities, q̈i, q̇i and qi are joint acceleration, velocity and
position, Mi(qi) and Ci(qi, q̇i) are matrices of inertia and
of Coriolis and centrifugal effects, τi are control torques, and
τh and τe are user and environment torques.

The following properties of the dynamics (1), and assump-
tions on communication delays and on user and environment
torques, facilitate later control design and stability analysis.
P.1 The inertia matrix Mi(qi) is symmetric, positive definite

and uniformly bounded by 0 ≺ λi1I �Mi(qi) � λi2I ≺
∞, with λi1 and λi2 positive constants.

P.2 The matrix Ṁi(qi)− 2Ci(qi, q̇i) is skew-symmetric.
P.3 There exists ci > 0 such that ‖Ci(qi,x) · y‖ ≤ ci · ‖x‖ ·
‖y‖,∀qi,x,y.

A.1 The time-varying communication delays from robot i to
robot j, di, are bounded, 0 ≤ di ≤ di, for i, j = m, s.

A.2 The joint torques due to operator τh and environment τe
forces are bounded by ‖τk‖ ≤ τk, k = h, e.

In these properties and assumptions, as in the remainder of
the paper, ‖v‖ =

√
vTv is the Euclidean norm of vector v.

B. Input-to-State Stability
This section overviews the definitions and theorems required

by the stability analysis in Section III.
A function α : R≥0 7→ R≥0 is of class K if it is continuous,

strictly increasing and α(0) = 0; of class K∞ if it is of class
K and unbounded; of class L if it decreases to zero as its
argument tends to +∞. A function β : R≥0×R≥0 7→ R≥0 is
of class KL if it is of class K in its first argument and of class
L in the second argument. Let C([−r, 0];Rm) denote the set of
the continuous functions defined on [−r, 0] and with values in
Rm. For any essentially bounded function φ ∈ C([−r, 0];Rm),
let |φ|r = sup

−r≤τ≤0
‖φ(τ)‖ and |φ|a be a norm of φ such that:

γa · ‖φ(0)‖ ≤ |φ|a ≤ γa · |φ|r (2)

for some positive reals γa and γa.
D.1 [42] The nonlinear delay-free system

ẋ(t) = f(x(t),u(t)) (3)

is ISS with input u(t) ∈ Rl and state x(t) ∈ Rm if there
exist functions α ∈ K and β ∈ KL such that:

‖x(t)‖ ≤ β (‖x(0)‖, t) + α

(
sup

0≤τ≤t
‖u(τ)‖

)
, ∀t ≥ 0.

(4)
D.2 [43] The nonlinear time-delay system:

ẋ(t) =f(xt,u(t)), t ≥ 0 a.e.,
x(τ) =ξ0(τ), τ ∈ [−r, 0],

(5)
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with xt : [−r, 0] 7→ Rm the standard function xt(τ) =
x(t + τ), and r the maximum involved delay, f :
C([−r, 0];Rm) × Rl 7→ Rm, and ξ0 ∈ C([−r, 0];Rm),
is ISS with input u(t) ∈ Rl and state x(t) ∈ Rm if there
exist functions α ∈ K and β ∈ KL such that:

‖x(t)‖ ≤ β (|ξ0|r, t) +α

(
sup

0≤τ≤t
‖u(τ)‖

)
, ∀t ≥ 0. (6)

Because the time-delay system (5) is infinite dimen-
sional [31], the input-to-state stability of it is defined differ-
ently than that of the delay-free system (3). Correspondingly,
the following two theorems using ISS-Lyapunov functions
and Lyapunov-Krasovskii functionals facilitate proving ISS
teleoperation without delays and with time-varying delays,
respectively.
T.1 [42] The delay-free system (3) is ISS if and only if

there exist an ISS-Lyapunov function V : Rm 7→ R≥0,
and functions α1, α2 ∈ K∞, α3, ρ ∈ K such that:

a) α1(‖x‖) ≤ V (x) ≤ α2(‖x‖), ∀x ∈ Rm;
b) V̇ (x,u) ≤ −α3(‖x‖), ∀x ∈ Rm,u ∈ Rl : ‖x‖ ≥

ρ(‖u‖).
T.2 [43] The time-delay system (5) is ISS if there is a

Lyapunov-Krasovskii functional V : C([−r, 0];Rm) 7→
R≥0, functions α1, α2 ∈ K∞, α3, ρ ∈ K such that:

a) α1(‖x‖) ≤ V (xt) ≤ α2(|xt|a), ∀xt ∈ C([−r, 0];Rm);
b) V̇ (xt,u) ≤ −α3(|xt|a), ∀xt ∈ C([−r, 0];Rm),u ∈

Rl : |xt|a ≥ ρ(‖u‖).

III. MAIN RESULT

This section presents the control design and stability analy-
sis for ISS bilateral teleoperation, considering communications
both without, and with time-varying, delays.

A. ISS Teleoperation Without Time Delays

Define sliding surfaces for the master and slave robots by:

si =q̇i + σ · (qi − qj), (7)

where i, j = m, s and i 6= j, and σ > 0 is a constant to be
determined. Then, the dynamics (1) can be transformed to:

Mi(qi) · ṡi + Ci(qi, q̇i) · si =τi + τk + σ ·∆i, (8)

where i = m, s and k = h, e, respectively, and the state-
dependent master and slave mismatches are:

∆i =Mi(qi) · (q̇i − q̇j) + Ci(qi, q̇i) · (qi − qj), (9)

with i, j = m, s and i 6= j.
The master and slave receive each other’s position instantly,

and their dynamic interconnection and damping injection
controllers are:

τi =−Ki(q̇i) · si −P · (qi − qj)−Diq̇i, (10)

where i, j = m, s and i 6= j, and Ki(q̇i), P and Di are
diagonal positive definite gain matrices to be designed.

Remark 1. The velocity-dependent gains Ki(q̇i) are designed
to suppress the state-dependent mismatch ∆i in (9). Rewrit-
ting (10) in the form:

τi = −
[
P + σ ·Ki(q̇i)

]
· (qi − qj)−

[
Di + Ki(q̇i)

]
· q̇i,

where i, j = m, s and i 6= j, reveals that the controller
dynamically modulates the master-slave interconnection and
the local damping through Ki(q̇i). The transformed system
dynamics (8) are input-output passive with input τi+τk+σ·∆i

and output si, where i = m, s and k = h, e, respectively.
However, the teleoperator (1) in closed-loop with the con-
troller (10) is not guaranteed stable because the modulated
interconnection, shown as a yellow shaded area in Figure 1,
may not be passive [29] and thus may render the teleoperator
non-passive. The following rigorous analysis is required to
show ISS teleoperation.

Figure 1. The teleoperator (1) in closed-loop with the control (10).

The following Lyapunov candidate:

V =
1

2

∑
i=m,s

sTi Mi(qi) · si +
1

2
· (qm − qs)

TP · (qm − qs),

(11)
serves to evaluate stability. After using property P.2, the time
derivative of V along the closed-loop dynamics (8) with the
control (10) can be evaluated as:

V̇ =
∑
i=m,s

[
σ · sTi ∆i − sTi Ki(q̇i) · si − sTi Diq̇i

]
+ sTmτh + q̇T

mP · (qm − qs)− sTmP · (qm − qs)

+ sTs τe + q̇T
sP · (qs − qm)− sTsP · (qs − qm).

(12)

The definitions of ∆i in (9) together with properties P.1
and P.3 lead to the following inequalities for i = m, s:

sTi ∆i ≤λi2 ·
(

sTi si +
1

2
q̇T
mq̇m +

1

2
q̇T
s q̇s

)
+ ci ·

(
‖q̇i‖2 · sTi si +

‖qm − qs‖2

4

)
.

(13)

Remark 2. The inequalities (13) show that the impact of
master and slave mismatches can be upper-bounded using
the velocities of the two robots and their position error.
Thus, they indicate the demand for a dynamic interconnection
and damping injection strategy. More specifically, as will
be illustrated in Equations (16)-(17), the terms ‖q̇i‖2 · sTi si
in inequalities (13) can be dominated by selecting velocity-
dependent gains Ki(q̇i) in the controls τi. Alternatively,
the terms sTi Ci(qi, q̇i) · (qm − qs) can be bounded by
ci ·
(
‖qm − qs‖2 · sTi si + 1

4 · q̇
T
i q̇i
)
, and the gains Ki can be
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updated based on the master-slave position error. Therefore,
both the master and slave velocities and their position error
can be used to dynamically modulate their coupling and local
damping injection, to achieve ISS bilateral teleoperation.

The definitions of the sliding surfaces si lead to:

− sTi P · (qi − qj)− sTi Diq̇i + q̇T
i P · (qi − qj)

≤− σ · (qi − qj)
T
(
P− µi

4
·Di

)
· (qi − qj)

−
(

1− σ

µi

)
· q̇T

i Diq̇i,

(14)

where i, j = m, s, i 6= j and µi > 0. Further algebraic
manipulations yield:

sTmτh+sTs τe ≤
∑
i=m,s

ωi ·sTi si+
1

4
·
(
‖τh‖2

ωm
+
‖τe‖2

ωs

)
, (15)

where ωi > 0, i = m, s.
After substitutions from Equations (13)-(15), the derivative

of the Lyapunov candidate (12) can then be bounded by:

V̇ ≤−
∑
i=m,s

(
sTi Ki(q̇i) · si + q̇T

i Diq̇i

)
− (qm − qs)

TP · (qm − qs) +
‖τh‖2 + ‖τe‖2

4ω
,

(16)

where ω = min(ωm, ωs) and:

Ki(q̇i) =Ki(q̇i)−
(
ωi + σ · λi2 + σ · ci · ‖q̇i‖2

)
· I,

Di =

(
1− σ

µi

)
·Di −

σ

2
·
(
λm2 + λs2

)
· I,

P =2σ ·P− σ

4
·
∑
i=m,s

(
µi ·Di + ci · I

)
.

(17)

Theorem 1. The teleoperator (1) with the control (10) is ISS
with input u = [τT

h τT
e ]T and state x = [q̇T

m q̇T
s (qm−qs)

T]T

if the control gains Ki(q̇i), Di, P, σ and positive parameters
µi, ωi, κ, i = m, s, satisfy:

P � κ

2
·P, Ki(q̇i) �

κ

2
· λi2 · I and Di � 0. (18)

Proof. The Property P.1 and Equations (11) and (7) together
lead to:

V ≥
∑
i=m,s

λi1
2
· ‖si‖2 +

p

2
· ‖qm − qs‖2 ≥ α1(‖x‖), (19)

for p the minimum eigenvalue of P, and α1(‖x‖) = a1 · ‖x‖2
with a1 given in [44], and also to

V ≤
∑
i=m,s

λi2
2
· ‖si‖2 +

P

2
· ‖qm − qs‖2 ≤ α2(‖x‖),

(20)
for P the maximum eigenvalue of P, and α2(‖x‖) = a2 ·‖x‖2
with a2 given in [44]. Because functions α1 and α2 are of class
K∞, V satisfies condition a) of Theorem T.1.

If condition (18) is satisfied, V̇ in (16) can be further upper-
bounded by:

V̇ ≤ −κ · V +
1

4ω
· ‖u‖2. (21)

Then, choosing class K functions:

α3(‖x‖) =
a1κ

2
· ‖x‖2, and ρ(‖u‖) =

√
1

2a1κω
· ‖u‖, (22)

ensures that V in (11) also satisfies condition b) of Theo-
rem T.1 and thus, that the teleoperator is ISS. �

Corollary 1. ISS teleoperation by Theorem 1 renders invariant
the set:

SI =

{
qm − qs : ‖qm − qs‖2 ≤

2

p
·
(
V0 +

τ2

4κω

)}
,

(23)
and globally exponentially attractive the set:

SA =

{
qm − qs : ‖qm − qs‖2 ≤

τ2

2pκω

}
, (24)

where τ2 = τ̄2h + τ̄2e .

Proof. The proof is given in [44] and is omitted here. �

B. ISS Teleoperation With Time-Varying Delays
For each robot, construct the following auxiliary sys-

tem (proxy):

M̂i
¨̂qi =− K̂i ·

[
˙̂qi + σ̂ ·

(
Pi · (q̂i − qi) + P̂ · (q̂i − q̂jd)

)]
− D̂i

˙̂qi −Pi · (q̂i − qi)− P̂ · (q̂i − q̂jd),
(25)

where: i, j = m, s and i 6= j; σ̂ > 0; M̂i, K̂i, D̂i, Pi and P̂
are diagonal positive definite matrices to be determined; and
q̂jd = q̂j(t−dj) is the output of the auxiliary system of robot
j received with a delay dj by robot i. Let the sliding surface
of the proxy of robot i be:

ŝi = ˙̂qi + σ̂ · êi, (26)

with:
êi = Pi · (q̂i − qi) + P̂ · (q̂i − q̂j) . (27)

Then, the auxiliary dynamics can be rearranged in the form:

M̂i
˙̂si =σ̂ · M̂i

[
Pi ·

(
˙̂qi − q̇i

)
+ P̂ ·

(
˙̂qi − ˙̂qj

)]
− êi

− K̂iŝi −
(
σ̂ · K̂i + I

)
· P̂ · (q̂j − q̂jd)− D̂i

˙̂qi.
(28)

Let the sliding surface of robot i be:

si = q̇i + σ · (qi − q̂i) , (29)

with σ > 0. As in Section III-A, the master and slave dynamics
can be transformed into (8) but with mismatch:

∆i =Mi(qi) ·
(
q̇i − ˙̂qi

)
+ Ci(qi, q̇i) · (qi − q̂i) . (30)

Correspondingly, the master and slave controllers are designed
by:

τi = −Ki(q̇i) · si −Pi · (qi − q̂i)−Diq̇i, (31)

with Ki(q̇i) and Di diagonal positive definite gain matrices
to be determined.

Remark 3. As illustrated in Figure 2, the auxiliary sys-
tems (25) have inertia M̂i, are connected to each other
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Figure 2. The teleoperator (1) in closed-loop with the control (25) and (31).

through static Proportional control, and are driven by the
master and slave through static interconnection and damping
control. In contrast, the master and slave are connected to
their proxies by the dynamic interconnection and damping
injection controls (31), which are updated according to each
robot velocity q̇i. Thus, the delays distort only information
transmitted between statically coupled proxies and classical
damping injection [17] can overcome their destabilizing effect.
The state-dependent mismatches ∆i in (30) affect only the
master and slave, as in the case of non-delayed communica-
tions in Section III-A. The dynamic control strategy (31) will
be designed in Theorem 2 to address these mismatches.

Stability is validated using the Lyapunov candidate V =
V1 + V2 with:

V1 =
1

2

∑
i=m,s

[
sTi Mi(qi) · si + (qi − q̂i)

T
Pi · (qi − q̂i)

]
+

1

2

∑
i=m,s

ŝTi M̂iŝi +
1

2
(q̂m − q̂s)

T
P̂ · (q̂m − q̂s) ,

(32)

V2 =
∑
i=m,s

∫ 0

−di

∫ t

t+θ

e−γ(t−ξ) · ˙̂qT
i (ξ)Qi

˙̂qi(ξ)dξdθ, (33)

account for the kinetic and potential energy of the overall
system, and the energy injected by time-varying delays, re-
spectively, where Qi � 0, i = m, s.

Using property P.2, the time derivative of V1 along the
transformed master and slave dynamics (8) and their auxiliary
dynamics (28) is:

V̇1 =
∑
i=m,s

[
σ · sTi ∆i − sTi Ki(q̇i) · si − sTi Pi · (qi − q̂i)

− sTi Diq̇i − ŝTi K̂iŝi − ŝTi êi − ŝTi D̂i
˙̂qi

+ σ̂ · ŝTi M̂iPi ·
(

˙̂qi − q̇i

)]
+ sTmτh + sTs τe

−
∑
i=m,s

ŝTi

(
σ̂ · K̂i + I

)
· P̂ · (q̂j − q̂jd)

+
∑
i=m,s

σ̂ · ŝTi M̂iP̂ ·
(

˙̂qi − ˙̂qj

)
+ ˙̂qT

i P̂ · (q̂i − q̂j)

+
∑
i=m,s

[
q̇T
i Pi · (qi − q̂i) + ˙̂qT

i Pi · (q̂i − qi)
]

,

(34)

where j = s,m for i = m, s, respectively. The derivative of
V2 is bounded by:

V̇2 ≤− γ · V2 +
∑
i=m,s

di · ˙̂qT
i Qi

˙̂qi

−
∑
i=m,s

e−γdi ·
∫ t

t−di

˙̂qT
i (ξ)Qi

˙̂qi(ξ)dξ.
(35)

By Property P.3, the definition of mismatches ∆i in (30)
further leads to:

sTi ∆i ≤λi2 ·
(

sTi si +
1

2
q̇T
i q̇i +

1

2
˙̂qT
i

˙̂qi

)
+ ci ·

(
‖q̇i‖2 · sTi si +

‖qi − q̂i‖2

4

)
.

(36)

The sliding surfaces si designed in (29) imply that:

q̇T
i Pi · (qi − q̂i)− sTi Pi · (qi − q̂i)− sTi Diq̇i

≤− σ · (qi − q̂i)
T
(
Pi −

µi
4
·Di

)
· (qi − q̂i)

−
(

1− σ

µi

)
· q̇T

i Diq̇i

(37)

with µi > 0. Similarly, the sliding surfaces ŝi (26) imply that:

˙̂qT
i Pi · (q̂i − qi)− ŝTi êi − ŝTi D̂i

˙̂qi + ˙̂qT
i P̂ · (q̂i − q̂j)

≤−
(

1− σ̂

νi

)
· ˙̂qT

i D̂i
˙̂qi − σ̂ · êT

i

(
I− νi

4
· D̂i

)
· êi

(38)
with νi a positive constant, and that:

ŝTi M̂iP̂ ·
(

˙̂qi − ˙̂qj

)
+ ŝTi M̂iPi ·

(
˙̂qi − q̇i

)
≤ζi · ŝTi

(
P̂P̂ + PiPi

)
· ŝi +

λ̂2i2
2ζi
·
(

2 ˙̂qT
i

˙̂qi + ˙̂qT
j

˙̂qj + q̇T
i q̇i

)
(39)

with ζi another positive constant and λ̂i2 the maximum eigen-
value of M̂i. Then, Lemma 1 in [18] yields:

− ŝTi

(
σ̂ · K̂i + I

)
· P̂ · (q̂j − q̂jd)

− e−γdj ·
∫ t

t−dj

˙̂qT
j (ξ)Qj

˙̂qj(ξ)dξ

≤dj
4
· eγdj · ŝTi

(
σ̂ · K̂i + I

)
· P̂Q−1j P̂

(
σ̂ · K̂i + I

)
· ŝi.

(40)
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After substitutions from (36)-(40) and (15), the sum of (34)
and (35) leads to:

V̇ ≤−
∑
i=m,s

[
sTi Ki(q̇i) · si + (qi − q̂i)

TPi · (qi − q̂i)

+ ŝTi K̃iŝi + σ̂ · êT
i ·
(
I− νi

4
· D̂i

)
· êi + q̇T

i Diq̇i

+ ˙̂qT
i D̃i

˙̂qi

]
− γ · V2 +

‖τh‖2 + ‖τe‖2

4ω
,

(41)
where χij = σ · λi2 + 2σ̂ · λ̂2i2/ζi + σ̂ · λ̂2j2/ζj and:

Ki(q̇i) =Ki(q̇i)−
(
σ · λi2 + σ · ci · ‖q̇i‖2 + ωi

)
· I,

Pi =σ ·Pi −
σ

4
· (ci · I + µi ·Di) ,

Di =

(
1− σ

µi

)
·Di −

1

2
·
(
σ · λi2 +

σ̂

ζi
· λ̂2i2

)
· I,

K̃i =K̂i − σ̂ · ζi ·
(
P̂P̂ + PiPi

)
− dj

4
· eγdj ·

(
σ̂ · K̂i + I

)
· P̂Q−1j P̂

(
σ̂ · K̂i + I

)
,

D̃i =

(
1− σ̂

νi

)
· D̂i − di ·Qi −

χij
2
· I.

(42)
Letting q̃ =

[
(qm − q̂m)T, (qs − q̂s)

T, (q̂m − q̂s)
T
]T

and
using the definition of êi in (27) lead to:∑

i=m,s

[
(qi − q̂i)

TPi(qi − q̂i)

+ σ̂ · êT
i ·
(
I− νi

4
· D̂i

)
· êi
]

= q̃TP̃q̃,
(43)

where P̃ = [Brc] with B12 = B21 = 0 and:

B11 =Pm

(
I− νm

4
· D̂m

)
·Pm + Pm,

B13 =BT
31 = Pm

(
I− νm

4
· D̂m

)
· P̂,

B22 =Ps

(
I− νs

4
· D̂s

)
·Ps + Ps,

B23 =BT
32 = Ps

(
I− νs

4
· D̂s

)
· P̂,

B33 =P̂
(

2I− νm
4
· D̂m −

νs
4
· D̂s

)
P̂.

(44)

The following proposition about P̃ contributes to proving ISS
teleoperation in Theorem 2.

Proposition 1. Let:

Pi = P, D̂i = D̂, and νi = ν, (45)

and Pi � 0, I− ν

4
· D̂ � 0, (46)

for i = m, s. Then there exists δ > 0 such that:

P̃ � δ

2
·max

(
P, P̂

)
. (47)

Proof. The proof is given in [44] and is omitted here. �

Theorem 2. The teleoperator (1) in closed-loop with (25)
and (31) is ISS with input u = [τT

h τT
e ]T and state x =

[q̇T
m q̇T

s
˙̂qT
m

˙̂qT
s (qm− q̂m)T (qs− q̂s)

T (q̂m− q̂s)
T]T if the

parameters and control gains satisfy conditions (45)-(46) and:

Ki(q̇i) �
ψ

2
· λi2 · I, K̃i �

ψ

2
· λ̂i2 · I, Di � 0, D̃i � 0,

(48)
where i = m, s and ψ > 0.

Proof. Let p · I � P � P · I and p̂ · I � P̂ � P̂ · I. The
Lyapunov candidate V can be lower-bounded by:

V ≥1

2

∑
i=m,s

(
λi1 · ‖si‖2 + λ̂i1 · ‖ŝi‖2 + p · ‖qi − q̂i‖2

)
+
p̂

2
· ‖q̂m − q̂s‖2 ≥ α̂3(‖x‖),

(49)
where λ̂i1 is the minimum eigenvalue of M̂i, and α̂3(‖x‖) =
a3 · ‖x‖2 is a function of class K∞ with a3 given in [44].
Further, the definition of V2 indicates that:

V2 ≤
∑
i=m,s

1

2
· d2iQi · | ˙̂qi|2r , (50)

where Qi is the maximum eigenvalue of Qi. Then V can be
upper-bounded by:

V ≤1

2

∑
i=m,s

(
λi2 · ‖si‖2 + λ̂i2 · ‖ŝi‖2 + P · ‖qi − q̂i‖2

)
+
P̂

2
· ‖q̂m − q̂s‖2 + V2 ≤ α̂4(|x|r),

(51)
where α̂4(|x|r) = a4·|x|2r with a4 given in [44]. Let γa =

√
a3

and γa =
√
a4, define |xt|a =

√
V (xt) to satisfy (2), and

select functions α1(‖x‖) = α̂3(‖x‖) and α2(|xt|a) = |xt|2a of
class K∞ to trivially guarantee condition a) of Theorem T.2.

After substitution from (43) in (41), using condition (48)
and setting κ = min (ψ, δ, γ), V̇ can be upper-bounded by:

V̇ ≤ −κ · V +
1

4ω
· ‖u‖2. (52)

Then the functions α3 and ρ of class K and defined by:

α3(|xt|a) =
κ

2
· |xt|2a, and ρ(‖u‖) =

√
1

2κω
· ‖u‖ (53)

ensure condition b) of Theorem T.2 [43].
Thus, the Lyapunov candidate V obeys both conditions of

Theorem T.2 [43] and the teleoperator is ISS. �

Corollary 2. ISS teleoperation by Theorem 2 renders invariant
the set:

SI =

{
qm − qs : ‖qm − qs‖2 ≤

4

p′
·
(
V0 +

τ2

4κω

)}
,

(54)
and globally attractive the set:

SA =

{
qm − qs : ‖qm − qs‖2 ≤

τ2

p′κω

}
, (55)

where p′ = min(pm, ps, p̂).

Proof. The proof is given in [44] and is omitted here. �
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C. Discussion

Closed-loop bilateral teleoperation includes uncertain and
practically uncontrollable user and environment dynamics.
To robustly stabilize closed-loop teleoperation, this paper
regards the user and environment forces as time-varying and
unpredictable teleoperator inputs, and designs controllers to
render the teleoperator input-to-state stable. ISS teleoperation
guarantees robust position synchronization of the master and
slave under user and environment perturbations [45], and thus,
reflects slave-environment interactions to the operator [30].
According to the definitions in Section II-B, ISS teleoperation
implies: (i) {q̇m, q̇s,qm−qs} ∈ L∞; and (ii) {q̇m, q̇s,qm−
qs} → 0 if τh = τe = 0. Thus, ISS teleoperation matches
the stability definition in [29] for bilateral teleoperation.

According to Corollary 1 and Corollary 2, an invariant
set SI and a globally attractive set SA characterize the master-
slave position error qm(t)−qs(t) of ISS teleoperation: the er-
ror stays in SI and exponentially approaches SA for t ≥ 0. The
Lebesgue measure of SI and SA can be reduced by increasing
pi, p̂, ω and κ. The speed of (exponential) convergence to SA
is determined by κ. When the user and environment forces
disappear, the steady-state position error becomes zero by the
definition of input-to-state stability.

The controllers (10) and (31) assume gravity-compensated
master and slave. Inaccurate gravity compensation can in-
troduce bounded disturbances δi, i = m, s, in practical
teleoperation systems. By including δi in the teleoperator input
u? = [(τh+δm)T (τe+δs)

T]T, the proposed dynamic strategy
can render the teleoperator ISS with the augmented input u?

and the same state x as defined in Theorem 1 and Theo-
rem 2. Alternatively, minor modifications of adaptive control
techniques [22] can be employed in the design to provide
parameter estimates and to facilitate position synchronization.

IV. EXPERIMENTS

In this section, experiments with a pair of Geomagic
Touch haptic devices compare the dynamic interconnection
and damping injection strategy to three position-based ap-
proaches: the Proportional plus damping (P+d) [17], two-
layer [8] and passive set-position modulation (PSPM) [29]
strategies. All controllers are designed in joint space to drive
the three actuated joints indicated in Figure 3. The user
seeks to drive the master along the same Cartesian path in
each successive experiment. The time-varying communication
delays obey di ≤ 5 ms, i = m, s. The robust position tracking
performance of the teleoperator with the four controllers is
illustrated by plotting the Cartesian paths of the master and
slave end-effectors, and is quantitatively evaluated through
their maximum and average position errors. The video of the
experiments is available at https://youtu.be/xBXDh5BX3uY.

All parameters are selected heuristically for optimal perfor-
mance of each controller. All controllers connect the master
and slave by Proportional control and stabilize the teleopera-
tion by local damping injection. The robot joint positions are
measured by encoders, and their joint velocities are estimated
by second-order low-pass filters with recommended cut-off
frequency 200 rad/s and damping ratio 1. Damping injection

for all four controllers is then restricted by unreliable velocity
estimation in experiments. In turn, limited damping injection
constrains the Proportional gain of each controller by their
design criteria. Because larger Proportional gains generally
decrease position errors, the parameters of all controllers are
tuned to maximize their Proportional gain for the damping gain
that practically stabilizes the system. Practically, the master-
slave coupling of each controller is maximally tightened
without destabilizing the teleoperation experiments.

Figure 3. The Geomagic Touch haptic device with three actuated joints.

Proportional plus damping (P+d) control [17]
After selecting the damping gain Bi = 0.01, a maximum

Proportional gain Ki = 3.5 can couple the master and slave
stably. Figure 4 depicts the task-space paths of the master
and slave end-effectors. It shows that the slave follows the
master with increasing tracking error and vibration during
changes of the direction of motion.
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Slave Position

Figure 4. Task-space paths of the master and slave end-effectors under
P+d control [17].

Two-layer approach [8]
After selecting master and slave energy tanks with threshold

HD = 0.3 J, and β = 0.01 to synchronize them quickly,
a proportional gain Ki = 3 in the transparency layer and
a nonlinear master damper with α = 0.3 in the passivity
layer maximally stiffen the master-slave coupling without
destabilizing the teleoperation. The experimental end-effector
paths in Figure 5 indicate position tracking similar to
P+d control. Yet, momentarily active behaviours [8] lead
to more severe vibrations in the final phase of this experiment.

https://youtu.be/xBXDh5BX3uY
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Figure 5. Task-space paths of the master and slave end-effectors under
two-layer control [8].

Passive set-position modulation (PSPM) framework [29]
For an energy tank with capacity Ei = 0.3 J and initial

stored energy Ei(0) = 0.15 J, coupling and damping gains
Ki = 5 and Bi = 0.1 guarantee agile and oscillation-free
position tracking. The experimental results in Figure 6 show
that the set-position of each robot is exactly the position of
the other robot. Effectively, the controller does not modulate
the reference signal of either robot, but is a static P+d
controller during the experiment. Nevertheless, its triggering
mechanism with a time period 0.01 s permits larger Ki and
Bi gains than P+d control and, hence, couples the master and
slave tighter.
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Figure 6. Task-space paths of the master and slave end-effectors under
PSPM control [29].

Dynamic interconnection and damping injection
From the Euler-Lagrange model of the haptic device in [46],

λi2 = 1.6 and ci = 0.1 can be employed in the design. After
choosing σ = 0.01, σ̂ = 0.001, µi = 10 and ζi = 0.1,
each robot can be connected to its proxy tightly and damped
suitably while guaranteeing Pi � 0 and Di � 0 by setting
Di = 0.08I and Pi = 20I. After letting νi = 0.25, ψ = 0.001,
γ = 0.1, M̂i = 0.01I and Qi = 50I, the selections P̂i = 50I,
D̂i = 0.275I and K̂i = 0.01I make K̃i � ψ

2 · λ̂i2 · I and
D̃i � 0 and connect the master and slave proxies tightly.
With ωi = 0.01, Ki(q̇i) can be updated according to (42)

and (48) to stabilize the teleoperator. Figure 7, which plots the
experimental paths of the master and slave end-effectors and of
their proxies, indicates that: (a) compared to the P+d (Figure 4)
and two-layer (Figure 6) control, dynamic interconnection
and damping injection control eliminates vibrations when
the master slows down; and (b) compared to PSPM control
(Figure 5), it synchronizes the master and slave better, through
larger static proportional gains Pi, P̂i and K̂i and dynamically
updated gains Ki(q̇i).
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Figure 7. Task-space paths of the master and slave end-effectors under
dynamic interconnection and damping injection control (25) and (31).

Table I evaluates the robust position tracking performance
of the delayed teleoperator under the four controllers through
the maximum tracking error:

Ξmax = max
k=1,··· ,N

‖Posm(k)− Poss(k)‖,

and the average tracking error:

Ξave =
1

N

N∑
k=1

‖Posm(k)− Poss(k)‖,

where Posi(k) is the position of the end effector of robot
i at the k-th sampling instant, and N is the number of
sampling instants. It illustrates that dynamic interconnection
and damping injection can reduce both the maximum and the
average master-slave position errors of bilateral teleoperation
with time-varying delays. By Corollary 2, the master-slave
position error can be reduced by increasing the Proportional
gains. Then, a greater amount of physical damping injection is
needed to practically stabilize the system. However, unreliable
velocity estimations limit the amount of injected damping and
hence the stiffness of the master-slave coupling by Theorem 2.
Therefore, the average master-slave position error retains
1.8 mm even though the parameters of our proposed controller
have been carefully tuned in the experiment.

The dynamic interconnection and damping injection con-
troller has force feedback performance similar to the PSPM
controller, and has average and maximum master feedback
forces approximately 40% larger than the P+d and two-
layer controllers. The larger forces are due to the larger
damping injection, needed to stabilize the stiffer master-slave
interconnection. To save space, the detailed force tracking
is presented only in the video of the experiments available
at https://youtu.be/xBXDh5BX3uY.

https://youtu.be/xBXDh5BX3uY
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Table I
POSITION TRACKING ERRORS DURING TIME-DELAY TELEOPERATION UNDER FOUR CONTROLLERS.

Controller Maximum Position Error Ξmax Average Position Error Ξave

Proportional plus damping control 25.4 mm 3.3 mm
Position-based two-layer approach 30.1 mm 3.6 mm

Passive set-position modulation framework 18.5 mm 2.6 mm
Dynamic interconnection and damping injection 10.8 mm 1.8 mm

V. CONCLUSION

This paper has presented a constructive dynamic intercon-
nection and damping injection strategy for robust stabilization
of bilateral teleoperation without, and with, time-varying de-
lays. Lyapunov stability analysis has proven that the proposed
strategy renders bilateral teleoperation exponentially input-to-
state stable, even in the presence of time-varying delays. It has
also shown that an invariant set and a globally attractive set
characterize the master-slave position errors during teleopera-
tion under the control of the proposed strategy. Suitable selec-
tion and updating of the control gains can decrease the master-
slave position error to any prescribed level with a certain rate
of convergence and, thus, can improve robust position tracking
performance. Experiments have illustrated that, compared to
state-of-the-art controllers, the dynamic interconnection and
damping injection strategy in this paper can reduce both the
maximum and the average position tracking errors during
teleoperation with time-varying delays.

Practical teleoperation systems suffer from inaccurate grav-
ity compensation and unreliable velocity measurements. Dis-
turbances caused by inaccurate gravity compensation can
increase position tracking errors. Unreliable velocity measure-
ments impede damping injection and the modulation of control
gains and thus, can destabilize the teleoperation. Future work
will focus on input-to-state stability of bilateral teleoperators
without gravity compensation and velocity measurements.
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