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Robust Four-Channel Teleoperation Through Hybrid
Damping-Stiffness Adjustment

Yuan Yang , Daniela Constantinescu , Member, IEEE, and Yang Shi , Fellow, IEEE

Abstract— This paper presents three strategies that adjust the
coordination damping and stiffness of four-channel teleoperators
to maintain the teleoperation stable regardless of time-varying
delays in the transmission of operator and environment forces
between the master and slave robots. A first strategy employs
hybrid control terms that depend on position errors and local
velocities. Thus, the hybrid terms simultaneously and dynami-
cally regulate the master–slave coupling and the local damping
injections. They increase the robustness of the system to pertur-
bations caused by delayed transmission of operator and environ-
ment forces, but are singular at zero velocities. A second strategy
injects additional damping around zero velocities, according to
the master–slave position error. The additional damping makes
the hybrid term nonsingular and eliminates chattering at zero
velocities. However, it cannot synchronize the master and slave
robots in the presence of large position error. This problem is
addressed by a third strategy, which reduces the order of the
position error in the hybrid term to guarantee the dominance of
the Proportional term in coordination. Then, the two robots can
be synchronized from arbitrarily large position errors. Lyapunov
stability analysis and hardware-in-the-loop experimental results
verify and compare these three proposed hybrid approaches.

Index Terms— Bilateral teleoperation, force feedback,
four-channel controller, position tracking, time-varying delays.

I. INTRODUCTION

ATELEOPERATOR is a master–slave robotic system in
which the motions of the master and slave robots are syn-

chronized through the communication channel, with the goal
of enabling a user to manipulate a remote environment [1].
When the teleoperator provides force feedback to the user in
response to their motions, i.e., the teleoperation is bilateral [2],
the mental load of the human operator can be reduced and
their performance in assembly tasks in terms of task success
rate and economy of exerted forces increases [3]. Therefore,
bilateral teleoperation is typically used to enable users to
manipulate hazardous or inaccessible environments, for exam-
ple, outer space, subsea, and contaminated environments [4].

In addition to stability [5], bilateral teleoperators aim
to provide precise position tracking and realistic force
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feedback, to closely couple the human operator to the
remote environment [6], [7]. However, communication delays
between the master and slave robots threaten the stability
of the teleoperation and, implicitly, the safety of the robotic
system and its human user [8]–[10]. Several control strategies
have been developed to guarantee stable and high-fidelity
teleoperation [2]. Among them, the passivity-based control is
widely employed [11] because passivity of the teleoperator
guarantees its stability in closed loop with passive operator
and environment without explicit knowledge of the operator
and environment models, using only teleoperator input and
output measurements. Based on the analysis and design tools
they use, three main passivity-based control approaches can
be distinguished, scattering, damping injection, and adaptive
strategies [11].

Scattering-based teleoperation, introduced in [8] and
extended in [12] and [13] to address wave reflection, ensures
passive communications in the presence of constant time
delays by transmitting velocity and force information
encoded as scattering variables between the master and
slave robots. Modifications of classical scattering-based
control have addressed time-varying delays [14] and position
tracking [1]. Force tracking has been pursued through direct
exchange of force information between the master and slave
robots [6], [15]–[18].

Injection of variable or constant damping is another
approach to guaranteeing passive time-delayed communica-
tions. Variable damping has typically been injected based
on time-domain passivity arguments. In the time-domain
passivity control approach, a time-domain passivity observer
keeps track of the energy generated in the communications
and a time-domain passivity controller injects the damp-
ing required to dissipate it [19]. The position drift prob-
lem has been mitigated through passivity-based feedback
control [20]. An energy bounding approach for robust stabi-
lization of teleoperation with time-varying delays has been
presented in [21]. Sufficient conditions for passive commu-
nications with time-varying delays based on time-domain
passivity arguments have been derived in [22]. The sud-
den activation of the controller at passivity breaches has
been mitigated through power-based time-domain passiv-
ity control both for haptic interaction [23] and for mul-
tilateral teleoperation [24]. Transparent teleoperation with
time-varying delays has been sought through four-channel
time-domain passivity controllers [25]–[27]. Time-domain
passivity has also been combined with scattering control in
a nonlinear four-channel controller for position and force
tracking [28].
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Constant damping has been injected mainly based
on Lyapunov–Krasovskii energy analysis. A proportional-
derivative plus local damping (PD+d) with gravity compen-
sation controller for teleoperation with constant time delay
has been introduced in [29]. Its rigorous stability proof has
been presented in [30] where the simpler Proportional plus
damping (P+d) controller has also been proposed. A sufficient
condition for the stability of a flexible joint teleoperator with
the PD+d controller has been obtained in [31]. In the absence
of time delays, the need for velocity measurements has been
eliminated through a first-order filter in [32]. A compensation
component has been added to the PD+d controller in [33]
to improve the interaction experience of the operator, but the
added control terms cause wave reflections similar to those
arising in scattering-based control. A position-force strategy
with PD+d control at the slave and with force transmission
to the master, with and without gravity compensation, has
been offered in [34]–[36]. However, the slave control force
rather than the environment force has been reflected to the
master. The extension of the P + d controller to output
feedback control has been reported in [32] and [37]–[39].
Actuator saturation has been considered through bounding
the potentially destabilizing control terms in [39]–[41]. The
compensation of the hand and environment forces at the
master and slave sides during static contact has been studied
in [42] and [43].

Adaptive passivity-based control strategies have been
devised for various purposes in bilateral teleoperation with
time-varying delays. Adaptation has been used to improve
transparency [44], and to drive position errors and velocities
to zero in the presence of parameter uncertainties [45], [46].
For constant inputs, it has served to track positions without
gravity compensation [47]. For saturating actuators and lack
of velocity measurements, it has been combined with a fast ter-
minal sliding-mode velocity observer to guarantee asymptotic
stability [41]. It has also been used for explicit compensation
of the communication delay [48].

Recent experiments [49] have shown that tele-
impedance [50] with force feedback is more robust than
conventional four-channel teleoperation [5] for time-varying
delays, but the four-channel controller constrains the master
to the slave, and thus to the remote environment, tighter.
The experiments in [49] indicate that the master–slave
synchronization can be improved by designing four-channel
teleoperation controllers that are robust to time-varying
delays. To the best of authors’ knowledge, the difficulty of
guaranteeing passive force transmission across time-delayed
communications has hindered four-channel teleoperation with
static gains to date. In [51], a force-reflecting emulator control
has been developed for a linear four-channel teleoperator
with time-varying delays. However, extending and applying
the approach to Euler–Lagrange (EL) teleoperation is not
a trivial task because of the nonlinearity of EL dynamics.
This paper is among the first to render a four-channel EL
teleoperator robust to time-varying delays. It contributes
three damping-stiffness adjustment strategies based on the
integration of a hybrid control term into the conventional
four-channel teleoperation architecture as follows.

1) A first strategy employs hybrid control terms depen-
dent on position errors and local velocities. Thus,
the hybrid terms simultaneously and dynamically reg-
ulate the master–slave coupling and the local damping
injections. They increase robustness to perturbations
caused by delayed transmission of operator and envi-
ronment forces, but are singular at zero velocities.

2) A second strategy injects additional damping around
zero velocities, according to the master–slave position
error. The added damping eliminates the singularity
of the hybrid term nonsingular and chattering at zero
velocities at the expense of synchronization speed in the
presence of large position errors.

3) A third strategy guarantees the dominance of the Pro-
portional control in coordination by reducing the order
of the position error in the hybrid term, thereby syn-
chronizing the master and slave from arbitrarily large
position errors.

All three strategies have a two-pronged action: they 1) mod-
ulate the master–slave coordination stiffness and 2) inject
additional damping to dissipate the energy generated by
the transmission of operator and environment forces across
communications with time-varying delays. Thus, they make
four-channel teleoperation robust to the destabilizing pertur-
bations introduced in the feedback loop by the delayed trans-
mission of forces between the master and slave robots [49].
Lyapunov–Krasovskii energy analysis leads to selection cri-
teria for the control gains, and hardware-in-the-loop exper-
iments validate the effectiveness of these three proposed
strategies.

Notation is used as follows: bold upper M and lower fonts a
indicate the matrices and vectors, respectively; MT and M−1

indicate the transpose and the inverse of M; I is the unity
matrix; �a� indicates the Euclidean norm of a; C0(�;�),
and C1(�;�), are the sets of continuous functions, and of
functions with continuous derivative, defined on � with values
in �; Tr (t)x is the “r-history” of x at time t ∈ [a, b),
i.e., Tr (t)x := x(t +θ) for θ ∈ [−r, 0] and x : [a −r, b) �→ R

n

with b > a > −∞ and r > 0; �x�r := max
θ∈[−r,0] �x(θ)�; a

function ρ is positive definite if ρ(0) = 0 and ρ(s) > 0
for all s �= 0; K+ is the set of positive definite continuous
functions defined on R

+; K is the set of positive definite,
increasing and continuous functions; K∞ is the set of positive
definite, increasing and continuous functions with the property
that lim

s→+∞ ρ(s) = +∞; KL is the set of continuous functions

β(s, t) : R
+ ×R

+ �→ R
+ with the properties that: 1) for each

t ≥ 0, the mapping β(. . . , t) is of class K and 2) for each s ≥
0, the mapping β(s, ·) is nonincreasing with lim

t→+∞β(s, t) = 0.

For simplicity of notation, the dependence on time of variables
is not shown explicitly, for example, q replaces q(t).

II. PRELIMINARIES

A. System Dynamics

Let the master and slave robots be n-degree-of-freedom ser-
ial manipulators with revolute joints and joint space

Authorized licensed use limited to: ECOLE POLYTECHNIQUE DE MONTREAL. Downloaded on June 26,2021 at 16:47:10 UTC from IEEE Xplore.  Restrictions apply. 
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dynamics

Mm(qm)q̈m + Cm(qm, q̇m)q̇m + gm(qm) = τm + τh

Ms(qs)q̈s + Cs(qs , q̇s)q̇s + gs(qs) = τs + τe (1)

where the index i = m, s indicates the master and slave
quantities, respectively, and for robot i : q̈i , q̇i , and qi are
the joint acceleration, velocity, and position; Mi (qi ) and
Ci (qi , q̇i ) are the matrices of inertia and of Coriolis and
centrifugal effects; gi (qi ) are the torques due to gravity; τi are
the control torques; and τh and τe are the user and environment
torques.

The properties of the dynamics of robot i in (1), i = m, s,
and the assumptions on time delays that facilitate the stability
analysis in Section III are listed in the following.

P.1 : The inertia matrix Mi (qi ) is symmetric, positive def-
inite, and uniformly bounded by 0 ≺ λi1I 
 Mi (qi ) 

λi2I ≺ ∞, with constants λi1 > 0, λi2 > 0.

P.2 : The matrix Ṁi (qi )− 2Ci (qi , q̇i ) is skew symmetric.
A.1 : The time-varying time delays from robot i to robot j ,

di , are bounded, 0 ≤ di ≤ di , for i, j = m, s and i �= j .

Remark 1: Because the master and slave robots are n-link
serial manipulators, their inertia matrices Mi (qi ) are symmet-
ric and positive definite [52]. Furthermore, it also guarantees
the skew-symmetry property about Ṁi (qi )−2Ci (qi , q̇i ) [52].
The two robots are assumed with revolute joints for ensuring
that their inertia matrices can be uniformly bounded by 0 ≺
λi1I ≤ Mi (qi ) ≤ λi2I ≺ ∞ [52].

Remark 2: Assuming only upper bounds on the time-
varying delays, bounded velocities of the master and slave
robots and bounded position error between them have been
guaranteed by P + d with gravity compensation control
in [30], [34], and [53]. They have also verified its free
motion synchronization performance experimentally. This
paper extends the P + d with gravity compensation strategy
to four channels with damping injection and gravity compen-
sation control, to improve the master–slave synchronization in
contact tasks.

B. Stability Notations

Let U ⊂ R
m be a nonempty set with 0 ∈ U . Furthermore,

let x(t) with t ≥ t0 be the unique solution of the initial-value
problem

ẋ(t) = f (Tr (t)x,u(t))

y(t) = h(t, x(t)) x(t) ∈ R
n, y(t) ∈ R

l , u(t) ∈ U (2)

with initial condition Tr (t0)x = x0 ∈ C0([−r, 0]; R
n), where:

r > 0 is a constant; Tr (t)x := x(t + θ); θ ∈ [−r, 0]; and the
mappings f : C0([−r, 0]; R

n)×U �→ R
n and h : R

+ ×R
n �→

R
l satisfy f (0, 0) = 0 and h(t, 0) = 0 for all t ∈ R

+.

D.1 [54]: System (2) is robustly forward complete (RFC)
from input u(t) if

sup
0≤ξ≤T

�x(t0 + ξ)� < +∞, ∀�u(t)� ≤ s,∀�x0�r ≤ s

for every s ≥ 0, T ≥ 0 and t0 ∈ [0, T ].

D.2 [54]: System (2) under hypotheses (S1-7) in [54] is
input-to-output stable (IOS) with input u(t) and output
y(t) if it is RFC from the input u(t) and there exist
functions α(·) ∈ K, β(·, ·) ∈ KL, such that the solution
x(t) of (2) with Tr (t0)x = x0 satisfies

�y(t)�≤max

{
β(�x0�r , t−t0), sup

t0≤τ≤t
α(�u(τ )�)

}
(3)

for all t ≥ t0 and for all measurable u(t) ∈ U , (t0, x0) ∈
R

+ × C0([−r, 0]; R
n).

D.3 [55]: System (2) under hypotheses (H1-4) in [55] with
input u(t) ≡ 0 is nonuniformly in time robustly globally
asymptotically output stable (RGAOS) if it is RFC with
the following properties.

a) For every � > 0 and T ≥ 0, it holds that

sup
t0≤t<+∞

�y(t)� < +∞,∀�x0�r ≤ �, t0 ∈ [0, T ].

b) For every � > 0 and T ≥ 0, there exists
δ(�, T ) > 0 such that

�x0�r ≤ δ, t0 ∈ [0, T ] �⇒ �y(t)� ≤ �, ∀t ≥ t0.

c) For every � > 0, T ≥ 0 and R ≥ 0, there exists
τ (�, T, R) ≥ 0 such that

�x0�r ≤ R, t0 ∈ [0, T ]�⇒�y(t)�≤�,∀t ≥ t0+τ.
T.1 [54]: System (2) under hypotheses (S1-7) in [54] is IOS

iff there exist: 1) a Lyapunov functional V : R
+ ×

C0([−r, 0]; R
n) �→ R

+, which is almost Lipschitz on
bounded sets; 2) functions α1, α2, α3 of class K∞;
and 3) a locally Lipschitz positive definite function
ρ : R

+ �→ R
+ such that

α1(�h(t, x(t))�) ≤ V (t, x) ≤ α2(�x�r ) (4)

for all (t, x) ∈ R
+ × C0([−r, 0]; R

n), and

V̇ (t, x, f (x,u)) ≤ −ρ(V (t, x)) (5)

for all (x,u) ∈ C0([−r, 0]; R
n) × U with α3(�u�) ≤

V (t, x).
T.2 [54]: System (2) under hypotheses (S1-7) in [54] is IOS

iff it is RFC from the input u(t) and is nonuniformly in
time RGAOS with u(t) ≡ 0.

Remark 3: The time-varying, nonlinear, and time-delayed
teleoperation dynamics (1) are semiautonomous because they
are forced by unpredictable user (τh) and environment (τe)
perturbations. To date, robust position tracking control, espe-
cially P + d control [53], has offered a prominent control
strategy for synchronizing the master and slave motions.
However, the notion of IOS is relevant to systems which
operate under external nonvanishing perturbations [54] and,
thus, to teleoperation. After showing that the teleoperation
dynamics (1) can be transformed into (2) by proper selec-
tion of state and input variables, this paper adopts the IOS
definition D.2 for the robust stabilization of four-channel
teleoperation with time-varying delays. Theorems T.1 and T.2,
and definitions D.1 and D.3, will be used to prove IOS
teleoperation.
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The stability analysis in Section III relies on the following
lemma.

L.1 [34]: For a positive-definite matrix ϒ and arbitrary
vectors a(t) and b(ξ) with appropriate dimensions,
the following inequality holds:

±2aT(t)
∫ t

t−d(t)
b(ξ)dξ −

∫ t

t−d(t)
bT(ξ)ϒb(ξ)dξ

≤ daT(t)ϒ−1a(t), ∀a(t),b(t), 0 ≤ d(t) ≤ d.

III. CONTROLLER DESIGN AND STABILITY ANALYSIS

Four-channel teleoperation is optimal for master–slave coor-
dination and transparent interaction [5], but is not robust to
the delayed exchange of operator and environment forces
between the master and slave robots [49]. This section
proposes the three damping-stiffness adjustment control strate-
gies that stabilize four-channel teleoperation across communi-
cations with time-varying delays. A first strategy introduces
a hybrid term mixing position error and local velocity,
which enables a hybrid damping-stiffness gain adjustment
that provably dissipates the energy injected in the feedback
loop by the transmission with time-varying delays of oper-
ator and environment forces. Then, a nonsingular version
overcomes chattering by eliminating the torque spikes of
the first hybrid control at zero velocities. A third strategy
reduces the order of the position error in the hybrid term
to guarantee: 1) master–slave coordination for arbitrarily
large position errors and 2) tight coupling between the two
robots.

A. Hybrid Damping-Stiffness Adjustment

Let nonlinear position- and velocity-dependent control terms
be added to conventional P + d with gravity compensation
teleoperation control [53], together with direct transmission of
hand and environment torques

τm = −q̇�m(qm − qsd)
TBm(qm − qsd)− Km q̇m

−P(qm − qsd)+ gm + τed

τs = −q̇�s (qs − qmd )
TBs(qs − qmd )− Ks q̇s

−P(qs − qmd )+ gs + τhd . (6)

Here, qid = qi (t − di (t)), i = m, s, and τhd = τh(t − dm(t))
and τed = τe(t − ds(t)), where di (t) is the time delay in
the communication channel from robot i to the other robot;
Bi , Ki , and P are the positive diagonal gain matrices; and
q̇�i = [

q̇�i1, . . . , q̇�in
]T

is a vector with the property

q̇�ik =
⎧⎨
⎩

1

lq̇ik
q̇ik �= 0

0 q̇ik = 0
�⇒ q̇T

i q̇�i =
{

1 q̇i �= 0

0 q̇i = 0

where k = 1, . . . , n and l is the number of joints with nonzero
velocity.

In (2), the time-varying delays introduce distortions
−P(qs − qsd) and −P(qm − qmd ) in the Proportional control
terms −P(qm − qsd) and −P(qs − qmd ), respectively, and
make the passivity of the transmitted torques τhd an τed

uncertain, leading to energy accumulation in the closed-loop
teleoperator and threatening its stability and safety. Damp-
ing is conventionally injected to dissipate, or suitably limit,
the harmful energy. The hybrid strategy in (2) injects damping
via a control term nonlinear in the velocity of the local robot
and the position error between the master and slave. The
hybrid term has a twofold action: it adjusts the amount of
locally injected damping and it regulates the stiffness of the
master–slave coupling. Because −q̇�i (qi − q j d)

TBi (qi − q j d),
i, j = m, s and i �= j , has components opposite to those of q̇i ,
the hybrid term injects additional damping to robot i , with gain
dependent on the position error between the master and slave.
On the other hand, the nonlinear term strengthens (weakens)
the master–slave coupling when robot i ’s velocity is opposite
to (aligned with) the Proportional control −P(qi −q j d). This is
because the hybrid term acts simultaneously as a Proportional
control with matrix gain −q̇�i (qi − q j d)

TBi nonlinear in
velocity. This behavior of the proposed hybrid control term
is advantageous because adding damping increases energy
dissipation and enhancing the master–slave coupling increases
the stability robustness of closed-loop teleoperation.

As shown in [49], the external torques τe and τh due
to environment and operator forces help coordinate the two
robots both in free motion and in contact, but their delayed
versions τed and τhd include undesirable components that
damage the coupling between the robots and can even lead
to finite-time escaping velocities. Distinguishing the desirable
from the harmful components and rejecting the latter is not
trivial. In P + d control [53], the time-varying delays induce
distotions −P(q j −q j d) only in the local Proportional control
term −P(qi − q j d), i, j = m, s and i �= j , and with
magnitude dependent on the velocity of the remote robot,
i.e., −P(q j − q j d) = −P

∫ t
t−d j

q̇ j (σ )dσ . Suitable design can
ensure that fixed local damping serves double duty: it bounds
the control disturbances at the remote robot by bounding the
velocity of the local robot; and it rejects the local bounded
control disturbances. In four-channel teleoperation, the time-
varying delays distort not only the Proportional control term
but also the transmission of external torques. Then, a fixed
damping sufficient to reject the torque disturbances cannot be
determined because the distortions contained and buried in
external forces and their transmission are not known a pri-
ori. The proposed hybrid damping-stiffness adjustment makes
four-channel teleoperation robust to delay-induced distortions
with no need of identifying them. Because the nonlinear hybrid
terms switch at zero velocities, the control torques are not
smooth but chattering and noisy. A nonsingular hybrid strategy
that eliminates chattering and lessens the control noise follows
in Section III-B.

The stability of the system (1) under the control (6)
is investigated using the following Lyapunov–Krasovskii
functional:

V = Vk + Vp + Vd (7)
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with

Vk = 1

2
q̇T

mMm q̇m + 1

2
q̇T

s Ms q̇s

Vp = 1

2
(qm − qs)

TP(qm − qs)

Vd =
∑

i=m,s

∫ 0

−di

∫ t

t+θ
e−γ ·(t−ξ) · q̇T

i (ξ)Qi q̇i (ξ)dξdθ

where Vk is the kinetic energy of the master and slave robots;
Vp is the potential energy in the Proportional control; and Vd

measures the energy injected by the time-varying delays in the
forward and backward communication channels. The exponen-
tial decay coefficient e−γ ·(t−ξ) facilitates the construction of
a term −γ · Vd needed in the stability proof and guarantees
Vd ≥ 0 for positive definite diagonal matrices Qi , i = m, s.

Lemma 1: Define the state and the input of the closed-loop
teleoperation system to be x = [q̇T

m q̇T
s (qm − qs)

T]T and u =
[(τh + τed)

T (τe + τhd )
T]T, respectively. The derivative of the

Lyapunov–Krasovskii functional (7) can be upper bounded by

V̇ ≤ −γ · V − xT�x + χ(�u�) (8)

where the diagonal blocks of the symmetric matrix � =
diag{�11,�22,�33} are

�11 = Km − υm + γ λm2

2
· I − dmQm − dseγ ds

4ηs
· PQ−1

s PT

�22 = Ks − υs + γ λs2

2
· I − dsQs − dmeγ dm

4ηm
· PQ−1

m PT

�33 = Bm − dseγ ds

1 − ηs
· BmQ−1

s BT
m

+Bs − dmeγ dm

1 − ηm
· BsQ−1

m BT
s − γ

2
· P (9)

with 0 < ηi < 1, υi > 0, i = m, s, υ = min(υm, υs) and

χ(�u�) = 1

2υ
· �u�2.

Proof: Using property P.2, the derivative of Vk is
computed as

V̇k = −q̇T
mKm q̇m − (qm − qsd)

TBm(qm − qsd)

−q̇T
mP(qm − qsd)+ q̇T

m(τh + τed)

−q̇T
s Ks q̇s − (qs − qmd )

TBs(qs − qmd )

−q̇T
s P(qs − qmd )+ q̇T

s (τe + τhd)

≤ −q̇T
mKm q̇m − q̇T

mP(qm − qs)+ q̇T
m(τh + τed )

−(qm − qs)
TBm(qm − qs)− q̇T

mP
∫ t

t−ds

q̇s(ξ)dξ

−2(qm − qs)
TBm

∫ t

t−ds

q̇s(ξ)dξ

−q̇T
s Ks q̇s − q̇T

s P(qs − qm)+ q̇T
s (τe + τhd)

−(qm − qs)
TBs(qm − qs)− q̇T

s P
∫ t

t−dm

q̇m(ξ)dξ

−2(qs − qm)
TBs

∫ t

t−dm

q̇m(ξ)dξ. (10)

Without loss of generality, (10) assumes that q̇m and q̇s are
not zero. Otherwise, q̇T

m(τh + τed) = 0 and/or q̇T
s (τe + τhd) =

0, respectively. The terms coupling velocities and external
torques can be upper bounded by

q̇T
m(τh + τed)+ q̇T

s (τe + τhd) ≤
∑

i=m,s

υi

2
· q̇T

i q̇i + �u�2

2υ
. (11)

The time derivative of Vp is

V̇p = (qm − qs)
TPq̇m − (qm − qs)

TPq̇s (12)

and algebraic manipulation of Vd leads to

Vd =
∑

i=m,s

e−γ t
∫ 0

−di

∫ t

t+θ
eγ ξ · q̇T

i (ξ)Qi q̇i (ξ)dξdθ

whose derivative can be bounded as follows:

V̇d = −
∑

i=m,s

γ · e−γ t
∫ 0

−di

∫ t

t+θ
eγ ξ · q̇T

i (ξ)Qi q̇i (ξ)dξdθ

+
∑

i=m,s

e−γ t
∫ 0

−di

[
eγ t · q̇T

i (t)Qi q̇i (t)

−eγ (t+θ) · q̇T
i (t + θ)Qi q̇i (t + θ)

]
dθ

= −γ · Vd +
∑

i=m,s

di q̇T
i Qi q̇i

−
∑

i=m,s

e−γ t
∫ 0

−di

eγ (t+θ) · q̇T
i (t + θ)Qi q̇i (t + θ)dθ

= −γ · Vd +
∑

i=m,s

di q̇T
i Qi q̇i

−
∑

i=m,s

e−γ t
∫ t

t−di

eγ ξ · q̇T
i (ξ)Qi q̇i (ξ)dξ

≤
∑

i=m,s

di q̇T
i Qi q̇i −e−γ di

∫ t

t−di

q̇T
i (ξ)Qi q̇i (ξ)dξ−γ ·Vd

≤
∑

i=m,s

di q̇T
i Qi q̇i −e−γ di

∫ t

t−di

q̇T
i (ξ)Qi q̇i (ξ)dξ−γ · Vd .

(13)

Then, Lemma L.1 in [34] leads to

−q̇T
mP

∫ t

t−ds

q̇s(ξ)dξ − ηs · e−γ ds

∫ t

t−ds

q̇T
s (ξ)Qs q̇s(ξ)dξ

≤ dseγ ds

4ηs
· q̇T

mPQ−1
s PTq̇m

for a(t) = (1/2)PTq̇m , b(ξ) = q̇s(ξ), and ϒ = ηs · e−γ ds Qs ,
and to

−2(qm − qs)
TBm

∫ t

t−ds

q̇s(ξ)dξ − (1 − ηs)

·e−γ ds

∫ t

t−ds

q̇T
s (ξ)Qs q̇s(ξ)dξ

≤ dseγ ds

1 − ηs
· (qm − qs)

TBmQ−1
s BT

m(qm − qs)
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for a(t) = BT
m(qm − qs), b(ξ) = q̇s(ξ), and ϒ =

(1 − ηs) · e−γ ds Qs . Adding the above-mentioned two inequal-
ities leads to

−[
q̇T

mP + 2(qm − qs)
TBm

] ∫ t

t−ds

q̇s(ξ)dξ

−e−γ ds

∫ t

t−ds

q̇T
s (ξ)Qs q̇s(ξ)dξ

≤ dseγ ds

1 − ηs
· (qm − qs)

TBmQ−1
s BT

m(qm − qs)

+dseγ ds

4ηs
· q̇T

mPQ−1
s PTq̇m (14)

and, similarly, to

−[
q̇T

s P + 2(qs − qm)
TBs

] ∫ t

t−dm

q̇m(ξ)dξ

−e−γ dm

∫ t

t−dm

q̇T
m(ξ)Qm q̇m(ξ)dξ

≤ dmeγ dm

1 − ηm
· (qm − qs)

TBsQ−1
m BT

s (qm − qs)

+dmeγ dm

4ηm
· q̇T

s PQ−1
m PTq̇s . (15)

Property P.1 permits to bound the sum of Vk and Vp by

Vk + Vp ≤
∑

i=m,s

λi2

2
· q̇T

i q̇i + 1

2
· (qm − qs)

TP(qm − qs).

(16)

Adding (10), (12), and (13) and using the inequalities (11),
(14), (15), and (16) lead to (8).

Remark 4: A bilateral teleoperation system is typically
semiautonomous because the human operator and environment
are involved in the closed-loop system. However, modeling
the two external terminators is not a trivial task since they are
time-varying and unpredictable. Instead, their actions (forces)
are external excitations for the master–slave subsystem. Then,
the control policy is to synchronize the master and slave
robots under the user and environment perturbations. Con-
ventional four-channel teleoperation can tightly constrain the
master and slave robots but becomes unstable in the pres-
ence of delayed force transmissions [49]. This paper aims to
make four-channel teleoperation robust to time-varying delays.
To this end: 1) it regards the sum of the user and transmitted
environment torques (τh+τed ), and the sum of the environment
and transmitted user torques (τe + τhd ), as input u to the
master, and to the slave, robot, respectively, and 2) it selects
the velocities (q̇i , i = m, s) of, and the position error (qm −qs )
between, the master and slave as the state variables to control
to achieve robust position tracking performance.

By Lemma 1, the following theorem serves as design
criterion for the controller (6) for teleoperation systems with
asymmetric time-varying delays.

Theorem 1: The teleoperation system (1) in closed loop
with the controller (6) is IOS with input u(t) = [(τh +
τed)

T (τe + τhd)
T]T, state x(t) = [q̇T

m q̇T
s (qm − qs)

T]T, and
output y(t) = h(t, x(t)) = x(t) if there exist positive definite

matrix control gains Ki , Bi , P, and positive scalars γ , ηi and
υi , i = m, s, such that the diagonal blocks of matrix � in (9)
are positive semidefinite matrices.

Proof: After selecting the input u(t) = [(τh +τed)
T (τe +

τhd)
T]T, state x(t) = [q̇T

m q̇T
s (qm − qs)

T]T, and output
y(t) = x(t), the teleoperation dynamics (1) can be transformed
into the state-space equation (2) in [54, Theorem T.1] with
r = max(dm , ds). Furthermore, V selected in (7) is almost
Lipschitz on bounded sets. The selection

α1(�h(t, x(t))�) = 1

2
· min(λm1, λs1, P) · �h(t, x(t))�2

where P is the smallest eigenvalue of P, makes α1(·) of
class K∞, and

V ≥
∑

i=m,s

λi1

2
· �q̇i�2 + P

2
· �qm − qs�2 ≥ α1(�h(t, x(t))�).

From q̇T
i (ξ)Qi q̇i (ξ) ≤ Qi ·�q̇i (ξ)�2 ≤ Qi ·�x(ξ)�2, it follows

that:∫ 0

−di

∫ t

t+θ
Qi · �x(ξ)�2dξdθ

=
∫ 0

−di

∫ 0

θ
Qi · �x(t + τ )�2dτdθ

≤
∫ 0

−di

∫ 0

θ
Qi · �x�2

r dξdθ

= 1

2
· d

2
i · Qi · �x�2

r

and thus

V ≤ 1

2

∑
i=m,s

(
λi2 · �q̇i�2 + d

2
i · Qi · �x�2

r

)

+ P

2
· �qm − qs�2 ≤ α2(�x�r )

where

α2(�x�r ) = 1

2
· [

max(λm2, λs2, P)+ d
2
m Qm + d

2
s Qs

] · �x�2
r

is of class K∞, and P and Qi are the largest eigenvalues
of P and Qi , respectively. Thus, the condition (4) of Theo-
rem T.1 in [54] is satisfied.

Making � positive semidefinite simplifies (8) by

V̇ ≤ −γ · V + χ(�u(t)�) (17)

for any state x. After choosing α3(�u�) = (2/γ )·χ(�u(t)�) of
class K∞, and ρ(V ) = (γ /2) · V of class K, (17) implies that
the second condition (5) of theorem T.1 in [54] is guaranteed.
Then, the closed-loop teleoperation system is IOS with the
selected input, state, and output.

Remark 5: The velocities of, and position error between,
the master and slave of an IOS four-channel teleoperation
system are bounded if the user and environment forces are
bounded. In particular, L∞ stability, already adopted for
robust position tracking [53], ensures that the master and slave
robots are coupled. This property implies that the operator
can command the slave to desired locations by operating the
master. In the absence of user and environment perturbations,
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τh = τe = 0, IOS teleoperation synchronizes the master and
slave robots by definition D.2. When the slave is in static
contact with the environment, the user and environment forces
are constant and balanced, and thus, τh + τed = τe + τhd = 0.
Then, IOS four-channel teleoperation would eliminate the
master–slave position error. Hardware-in-the-loop experiments
in Section IV will illustrate the tight position coordination
between the master and the slave and, thus, between the user
and the environment, during contact.

B. Nonsingular Hybrid Damping-Stiffness Adjustment

When a joint velocity approaches zero in the presence
of nonzero position error in (6), the nonlinear hybrid term
opposing the joint velocity overwhelms the Proportional con-
trol along the respective joint space direction and stops the
motion of the joint. When the joint velocity becomes zero,
the nonlinear term becomes zero and Proportional control
drives the respective joint again. The control (6) then leads
to spikes in the control torque and to chatter in the joint
velocity. To eliminate this behavior, this section proposes
the following nonsingular hybrid damping-stiffness adjustment
strategy:

τm = −Sm(q̇m) · (qm − qsd)
TBm(qm − qsd)− Km q̇m

−P(qm − qsd)+ gm + τed

τs = −Ss(q̇s) · (qs − qmd)
TBs(qs − qmd )− Ks q̇s

−P(qs − qmd )+ gs + τhd (18)

where

Si (q̇i ) =
[

sat(q̇i1) · sgn(q̇i1)

nq̇i1
, . . . ,

sat(q̇in) · sgn(q̇in)

nq̇in

]T

sat(q̇ik) =
{

q̇ik |q̇ik | ≤ γ /2n

q̇i · sgn(q̇ik) |q̇ik | > γ/2n

with γ > 0, sgn(·) the signum function, i = m, s, and
k = 1, . . . , n indexing the master and slave joints. The
hybrid strategy in (18) replaces the singular terms q̇�m and q̇�s
in (6) with the nonsingular terms Sm(q̇m) and Ss(q̇s). When a
joint velocity q̇ik approaches zero in the presence of nonzero
position error, sat(q̇ik) · sgn(q̇ik)/nq̇ik = sgn(q̇ik)/n and the
control spikes and joint chatter are eliminated.

The stability of the system (1) with the nonsingular hybrid
damping-stiffness adjustment control (18) is investigated using
the same Lyapunov–Krasovskii functional as in (3).

Lemma 2: Let σ = σm + σs with σi = ∑n
k=1 |sat(q̇ik)|,

i = m, s. Define the same state x and input u as in Lemma 1.
The derivative of the Lyapunov–Krasovskii functional (7) can
be upper bounded by

V̇ ≤ −σ · (Vk + Vp)− γ · Vd − xT�x + σ · χ(�u�) (19)

where � = diag{�11,�22,�33} with

�11 = Km − dmQm − dseγ ds

4ηs
· PQ−1

s PT − ωm · I

�22 = Ks − dsQs − dmeγ dm

4ηm
· PQ−1

m PT − ωs · I

�33 = σmBm − dsσ
2
meγ ds

1 − ηs
· BmQ−1

s BT
m

+σsBs − dmσ
2
s eγ dm

1 − ηm
· BsQ−1

m BT
s − σ

2
· P (20)

and 0 < ηi < 1, ωi = γ λi2/2 + nυi/γ , υi > 0, i = m, s,
υ = min(υm, υs), and the function χ(�u�) is

χ(�u�) = 1

2υ
· �u�2 + √

2n · �u�.
Remark 6: In �33, σ = σm +σs , where σm and σs are time

dependent. Then, � is positive semidefinite iff: 1) the gains
in �11 and �22 are selected to make �11 and �22 positive
semidefinite and 2) �33 is positive semidefinite for any σm

and σs . Because �33 is quadratic in σm and σs , and zero
when σm = σs = 0, there exist Bm and Bs matrices such
that: 1) Bm − (1/2)P and Bs − (1/2)P are positive definite
and 2) the second solution (σ̂m , σ̂s) of the quadratic equation
�33(σ̂m , σ̂s) = 0 is positive. Then, selecting sat(q̇ik) such that
0 < γ ≤ min(σ̂m, σ̂s) makes �33 positive semidefinite.

Remark 7: Equation (19) proposes for the first time the
velocity-dependent gain σ in V̇ . The idea is inspired by the
observation that σ quantifies the synchronization speed of the
master–slave subsystem from its initial state under the pertur-
bations of the user and environment forces together with their
transmission. As will be shown in the proof of Theorem 2, if �

is made positive semidefinite by proper parameter selections,
then: 1) σ implies the vanishing speed of V (0) and 2) in
the absence of external perturbations, σ also determines the
synchronization speed of the system. Because synchronization
is achieved by dissipating the kinetic energy and potential
energy of the system, the synchronization speed should be
related to the speed of energy consumption. By the controller
design (18), the energy of the system is actually consumed by
−Si (q̇i )·(qi −q j d)

TBi (qi −q j d)−Ki q̇i , where i, j = m, s and
i �= j , which can be regarded as a type of nonlinear damping
injection. Therefore, the energy consumption speed and, thus,
the synchronization speed could be quantified by a parameter
σ about robot velocities.

Proof: As in Section III-A, property P.2 can be used to
show that

V̇k ≤ q̇T
m(τh + τed)− q̇T

mKm q̇m − q̇T
mP

∫ t

t−ds

q̇s(ξ)dξ

−q̇T
mP(qm − qs)− σm · (qm − qs)

TBm(qm − qs)

−2σm · (qm − qs)
TBm

∫ t

t−ds

q̇s(ξ)dξ

+q̇T
s (τe + τhd)− q̇T

s Ks q̇s − q̇T
s P

∫ t

t−dm

q̇m(ξ)dξ

−q̇T
s P(qs − qm)− σs · (qs − qm)

TBs(qs − qm)

−2σs · (qs − qm)
TBs

∫ t

t−dm

q̇m(ξ)dξ. (21)

From Lemma L.1 in [34], it follows that:

−q̇T
mP

∫ t

t−ds

q̇s(ξ)dξ − e−γ ds

∫ t

t−ds

q̇T
s (ξ)Qs q̇s(ξ)dξ

−2σm · (qm − qs)
TBm

∫ t

t−ds

q̇s(ξ)dξ
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≤ dsσ
2
meγ ds

1 − ηs
· (qm − qs)

TBmQ−1
s BT

m(qm − qs)

+dseγ ds

4ηs
· q̇T

mPQ−1
s PTq̇m (22)

and similarly that

−q̇T
s P

∫ t

t−dm

q̇m(ξ)dξ − e−γ dm

∫ t

t−dm

q̇T
m(ξ)Qm q̇m(ξ)dξ

−2σs · (qs − qm)
TBs

∫ t

t−dm

q̇m(ξ)dξ

≤ dmσ
2
s eγ dm

1 − ηm
· (qs − qm)

TBsQ−1
m BT

s (qs − qm)

+dmeγ dm

4ηm
· q̇T

s PQ−1
m PTq̇s . (23)

Then, combining the sum of (12), (13), and (21) with (11),
(22), and (23) leads to

V̇ ≤ dm q̇T
mQm q̇m + dseγ ds

4ηs
· q̇T

mPQ−1
s PTq̇m − q̇T

mKm q̇m

+γ λm2

2
· q̇T

m q̇m − σm · (qm − qs)
TBm(qm − qs)

+dsσ
2
meγ ds

1 − ηs
· (qm − qs)

TBmQ−1
s BT

m(qm − qs)

+ds q̇T
s Qs q̇s + dmeγ dm

4ηm
· q̇T

s PQ−1
m PTq̇s − q̇T

s Ks q̇s

+γ λs2

2
· q̇T

s q̇s − σs · (qs − qm)
TBs(qs − qm)

+dmσ
2
s eγ dm

1 − ηm
· (qs − qm)

TBsQ−1
m BT

s (qs − qm)

+σ
2

· (qm − qs)
TP(qm − qs)− σ · (Vk + Vp

) − γ · Vd

+q̇T
m(τh + τed)+ q̇T

s (τe + τhd). (24)

Consider

q̇T
m(τh + τed) =

n∑
k=1

q̇mk(τhk + τedk).

Case 1: If |q̇mk| < γ/2n, ∀k = 1, . . . , n, it follows that:

q̇T
m(τh + τed ) ≤

n∑
k=1

|q̇mk(τhk + τedk)|

≤ σm ·
n∑

k=1

|τhk + τek | ≤ √
n · σ · �τh + τed�.

Case 2: If ∃k = 1, . . . , n such that |q̇mk| ≥ γ /2n, it follows
that σ ≥ σm ≥ γ /2n, and that:

q̇T
m(τh + τed) ≤ υm

2σ
· q̇T

m q̇m + σ

2υm
· �τh + τed�2

≤ nυm

γ
· q̇T

m q̇m + σ

2υm
· �τh + τed�2.

Together, Cases 1 and 2 imply that

q̇T
m(τh + τed) ≤ nυm

γ
· q̇T

m q̇m

+√
n · σ · �τh + τed� + σ

2υm
· �τh + τed�2.

(25)

Similarly, it can be shown that

q̇T
s (τe + τhd) ≤ nυs

γ
· q̇T

s q̇s

+√
n · σ · �τe + τhd� + σ

2υs
· �τe + τhd�2.

(26)

After substituting (25) and (26) in (24), the derivative of V
can be bounded by (19).

Theorem 2: The teleoperation system (1) in closed loop
with the controller (18) is IOS with input u(t) =
[(τh + τed)

T (τe + τhd)
T]T, state x(t) = [q̇T

m q̇T
s (qm − qs)

T]T,
and output y(t) = h(t, x(t)) = x(t) if the control gains Ki ,
Bi , and P, the parameters Qi , ηi , and υi , and the nonlinear
functions Si (q̇i ), i = m, s are selected such that the block
diagonal matrix � (19) is positive semidefinite.

Proof: For � positive semidefinite, i.e., −xT�x ≤ 0,
∀x, (19) can be rewritten as

V̇ ≤ −σ · (Vk + Vp)− γ · Vd + σ · χ(�u(t)�).
From the definitions of σ and Vd , it follows that σ ≤ γ and
that:

V̇ ≤ −σ(t) · V + σ(t) · χ(�u(t)�). (27)

By the comparison theorem, time-integration of V̇ yields

V ≤ e
− ∫ t

t0
σ(ξ)dξ · V0 +

∫ t

t0
e− ∫ t

ξ σ (θ)dθ · σ(ξ) · χ(�u(ξ)�)dξ

≤ e
− ∫ t

t0
σ(ξ)dξ · sup

t0≤τ≤t
χ(�u(τ )�)

·
∫ t

t0
σ(ξ) · e

∫ ξ
t0
σ(θ)dθ

dξ + e
− ∫ t

t0
σ(ξ)dξ · V0

= e
− ∫ t

t0
σ(ξ)dξ · V0 + ψ(t0, t, σ ) · sup

t0≤τ≤t
χ(�u(τ )�) (28)

where V0 = V (t0), and

0 ≤ ψ(t0, σ ) = 1 − e
− ∫ t

t0
σ(ξ)dξ ≤ 1, ∀t ≥ t0 ≥ 0.

Similar to the proof Theorem 1, the definition of V in (7)
leads to

�1

2
· �x�2 ≤ V ≤ �2

2
· �x�2

r (29)

where �1 = min(λm1, λs1, P) and �2 = max(λm2, λs2, P) +
d

2
m Qm + d

2
s Qs . Together, (28) and (29) imply that

�y(t)�2 ≤ 1

2
·
[
β2(�x0�r , t − t0)+ sup

t0≤τ≤t
α2· (�u(τ )�)

]
(30)

and further that

�y(t)� ≤ max

{
β(�x0�r , t − t0), sup

t0≤τ≤t
α(�u(τ )�)

}
(31)
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where

α(�u(τ )�) =
√

4

�1
· χ(�u(τ )�) (32)

and

β(�x0�r , t − t0) =
√

2�2

�1
·
√

e− ∫ t−t0
0 σ(t0+ξ)dξ · �x0�r . (33)

Because α(·) in (32) and β(·, t − t0) in (33) are of class K
for each t ≥ t0, and β(�x0�r , ·) is decreasing with �x0�r

fixed, (31) implies that the closed-loop system is RFC by
definition D.1.

To prove the RGAOS property, let the input u(t) ≡ 0. Then,
condition 1) in definition D.3 is trivially satisfied from (31).
Furthermore, given any � > 0 and T ≥ 0, the selection
δ = δ(�) = ((�1/�2))

(1/2) · � makes �y(t)� ≤ � by (30) for
all t0 ∈ [0, T ], �x0�r ≤ δ, and t ≥ t0. Therefore, it guarantees
condition 2) of RGAOS. Condition 3) is guaranteed if

lim
t→+∞ �y(t)� = 0. Because (30) implies that

lim
t−t0→+∞ β(�x0�r , t − t0) = 0

�⇒ lim
t→+∞ �y(t)� = 0

when u(t) ≡ 0, it suffices to prove that β(�x0�r , t − t0) → 0
as t → +∞. To this end, assume that β(�x0�r , t − t0) does
not tend to 0. Because β(�x0�r , ·) is continuous, decreasing
and lower bounded by 0, there exists 0 < β̂ < ∞ such that

lim
t−t0→+∞ β(�x0�r , t − t0) = β̂. (34)

Because the derivative of β(�x0�r , t − t0)

β̇(�x0�r , t − t0) = −1

2
· β(�x0�r , t − t0) · σ(t)

is uniformly continuous, Barbalat’s lemma implies that

lim
t−t0→+∞ β̇(�x0�0, t − t0) = 0

and σ(t) → 0 by (34), and

lim
t→+∞ q̇i (t) = 0, i = m, s (35)

by the definition of σ in Lemma 2. Because q̈i , i = m, s,
are uniformly continuous, Barbalat’s lemma also indicates that
q̈i (t) → 0 as t → +∞ and that

lim
t→+∞ qm(t)− qs(t) = 0 (36)

by the teleoperation dynamics (1). Then, (35) and (36) lead
to lim

t→+∞ �y(t)� = 0, which ensures condition 3). Thus,

the system is nonuniformly in time RGAOS with u(t) ≡ 0.
By theorem [54, T.2], the four-channel teleoperation sys-

tem (1) in closed loop with the controller (18) is IOS
with input u(t) = [(τh + τed)

T (τe + τhd)
T]T, state

x(t) = [q̇T
m q̇T

s (qm − qs)
T]T, and output y(t) =

h(t, x(t)) = x(t).
Remark 8: Although it employs the same Lyapunov–

Krasovskii functional (7) as Section III-A, the proof of The-
orem 2 requires [ [54], T.2] rather than T.1 in [54] because

σ defined in Lemma 2 has a twofold impact on the stability
proof as follows.

1) Because σ depends on robot velocities q̇i and not
on V , it is not trivial to prove that V̇ in (27) satisfies
condition (5).

2) Because σ may be integrable, i.e.,
∫ t

t0
σ(ξ)dξ < +∞,

β(�x0�r , t − t0) is not necessarily of class KL and (30)
does not imply condition (3).

Therefore, theorem [54, T.1] and definition D.2 do not help
prove Theorem 2. Nevertheless, V in (7) serves to show
that the system is RFC and, together with Barbalat’s lemma,
to demonstrate that four-channel teleoperation is RGAOS with
u(t) ≡ 0.

C. Reduced-Order Hybrid Damping-Stiffness Adjustment

The nonsingular hybrid damping-stiffness adjustment in
Section III-B smoothes the force feedback compared to the
singular strategy in Section III-A. However, for sufficiently
large position error, the hybrid control term can overwhelm
the Proportional control term and thwart the master–slave
coordination. This behavior, called sticking, can be avoided
by moving the master and slave robots at the same joint
space position before the teleoperation starts. For applica-
tions in which the initial master–slave coordination cannot
be guaranteed, potential sticking should be avoided through
control design. For stable and sticking-free four-channel tele-
operation with time-varying delays, this section proposes the
following reduced-order hybrid damping-stiffness adjustment
strategy:

τm = −[P + S(q̇m,qm − qsd)](qm − qsd)

−Km q̇m + τed + gm

τs = −[P + S(q̇s ,qs − qmd )](qs − qmd )

−Ks q̇s + τhd + gs (37)

where S(q̇i ,qi −q j d) = � ·sgn(q̇i ) ·sgn(qi −q j d)
T with i, j =

{m, s} and i �= j , sgn(u) = [sgn(u1), · · · , sgn(un)]T and
sgn(·) the signum function; � is a positive constant; and P
and Ki are the positive diagonal gain matrices.

Remark 9: In (37), the nonlinear hybrid gains S(q̇i ,qi −
q j d) modify the conventional Proportional gain P to generate
a position synchronization control term −pk(qik − q jdk)− � ·
sgn(q̇ik)�qi − q j d�1 for each joint k of each robot i = m, s.
For sufficiently large position error along the joint space
direction k, i.e., pk > n�, the conventional Proportional
control term −pk(qik − q jdk) is larger than the reduced-order
hybrid control term −� ·sgn(q̇ik)·�qi −q j d� and the controller
can decrease the position error along this joint space direction.
Hence, the reduced-order hybrid controller (37) can coordinate
the master and slave robots even for initially large position
error. This is an important advantage over the nonsingular
controller in the previous section.

The closed-loop stability of the system (1) under the control
of (37) is analyzed using the same Lyapunov–Krasovskii
function as in (7)

Lemma 3: Let σ = min(γ, σm + σs), where

σi = ϕ

Vp
· max

k=1,...,n
(|q̇ik |)· max

k=1,...,n
(|qmk −qsk|)
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with i = m, s, γ > 0 and ϕ > 0. Define the same state x
and input u as in Lemma 1. If the controller parameters are
selected such that

�m = Km − dmQm − dseγ ds

4ηs
PQ−1

s PT

−
[
γ λm2

2
+ υm

2γ
+ nds�

2eγ ds · tr(Q−1
s )

4(1 − ηs)

]
· I � 0

�s = Ks − dsQs − dmeγ dm

4ηm
PQ−1

m PT

−
[
γ λs2

2
+ υs

2γ
+ ndm�

2eγ dm · tr(Q−1
m )

4(1 − ηm)

]
· I � 0

ψi = � − ϕ − υi P

4ϕ
≥ 0 (38)

where tr(Q−1
i ) is the trace of Q−1

i , 0 < ηi < 1 and υi > 0,
the derivative of the Lyapunov–Krasovskii function (7) can
then be upper bounded by

V̇ ≤ −σ · (Vk + Vp)− γ · Vd + σ · χ(�u�) (39)

where υ = min(υm, υs) and

χ(�u�) = 1

2υ
· �u�2.

Proof: By property P.2, the time derivatives of Vk is

V̇k = −q̇T
mKm q̇m + q̇T

m(τh + τed)− q̇T
mP(qm − qs)

−q̇T
s Ks q̇s + q̇T

s (τe + τhd)− q̇T
s P(qs − qm)

−q̇T
mP

∫ t

t−ds

q̇s(ξ)dξ − q̇T
s P

∫ t

t−dm

q̇m(ξ)dξ

−q̇T
mS(q̇m ,qm − qsd) · (qm − qsd)

−q̇T
s S(q̇s ,qs − qmd ) · (qs − qmd ). (40)

The definition of the reduced-order hybrid gains S(q̇i ,qi−q j d)
leads to the following bounding of the hybrid control terms of
the master and slave robots

−q̇T
mS(q̇m ,qm − qsd) · (qm − qsd)

= −� · q̇T
m · sgn(q̇m) · sgn(qm − qsd)

T · (qm − qsd)

= −� ·
(

n∑
k=1

|q̇mk|
)

·
(

n∑
k=1

|qmk − qsdk|
)

≤ −� ·
(

n∑
k=1

|q̇mk|
)

·
(

n∑
k=1

|qmk − qsk|
)

+� ·
n∑

k=1

(
|q̇mk |T

∫ t

t−ds

|q̇s(ξ)|dξ
)

(41)

and similarly

−q̇T
s S(q̇s ,qs − qmd ) · (qs − qmd)

≤ −� ·
(

n∑
k=1

|q̇sk|
)

·
(

n∑
k=1

|qsk − qmk|
)

+� ·
n∑

k=1

(
|q̇sk |T

∫ t

t−dm

|q̇m(ξ)|dξ
)

(42)

where q̇ik = [q̇ik, q̇ik , . . . , q̇ik ]T, i = m, s.

Furthermore, Lemma L.1 leads to

� ·
n∑

k=1

|q̇mk |T
∫ t

t−ds

|q̇s(ξ)|dξ − q̇T
mP

∫ t

t−ds

q̇s(ξ)dξ

−e−γ ds

∫ t

t−ds

q̇T
s (ξ)Qs q̇s(ξ)dξ

= −q̇T
mP

∫ t

t−ds

q̇s(ξ)dξ − ηse−γ ds

∫ t

t−ds

q̇T
s (ξ)Qs q̇s(ξ)dξ

+� ·
n∑

k=1

|q̇mk |T
∫ t

t−ds

|q̇s(ξ)|dξ

−(1 − ηs) · e−γ ds

∫ t

t−ds

q̇T
s (ξ)Qs q̇s(ξ)dξ

≤ ds�
2eγ ds

4(1 − ηs)
·
⎛
⎝ n∑

i=1

n∑
j=1

|q̇mi |TQ−1
s |q̇mj |

⎞
⎠

+dseγ ds

4ηs
· q̇T

mPQ−1
s PTq̇m

≤ nds�
2eγ ds · tr(Q−1

s )

4(1 − ηs)
· q̇T

m q̇m + dseγ ds

4ηs
· q̇T

mPQ−1
s PTq̇m

(43)

for the master robot and, similarly, to

� ·
n∑

k=1

|q̇sk|T
∫ t

t−dm

|q̇m(ξ)|dξ − q̇T
s P

∫ t

t−dm

q̇m(ξ)dξ

−e−γ dm

∫ t

t−dm

q̇T
m(ξ)Qm q̇m(ξ)dξ

≤ ndm�
2eγ dm · tr(Q−1

m )

4(1 − ηm)
· q̇T

s q̇s + dmeγ dm

4ηm
· q̇T

s PQ−1
m PTq̇s

(44)

for the slave robot, and to

σ · (Vk + Vp) ≤
∑

i=m,s

γ λi2

2
· q̇T

i q̇i

+
∑

i=m,s

ϕ · max
k=1,...,n

(|q̇ik |)

· max
k=1,...,n

(|qmk − qsk|). (45)

The parameter σ is state dependent and switches between
γ and σm + σs over time. Its two possible behaviors and the
constraints they impose on the design of the reduced-order
hybrid damping-stiffness adjustment strategy (37) are analyzed
next.

Case 1: Consider the teleoperation system at a time instant
when σ = σm + σs . Then, the power due to the external
operator and environment forces can be bounded by

q̇T
m(τh + τed)+ q̇T

s (τe + τhd)

≤
∑

i=m,s

υi

2σ
· q̇T

i q̇i + σ

2υ
· �u�2

≤
∑

i=m,s

υi P

4ϕ

(∑n
k=1 q̇2

ik

) (∑n
k=1 |qmk −qsk|2

)
max

k=1,...,n
(|q̇ik |) · max

k=1,...,n
(|qmk −qsk|)
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+ σ

2υ
· �u�2

≤
∑

i=m,s

υi P

4ϕ

(
n∑

k=1

|q̇ik |
)(

n∑
k=1

|qmk − qsk|
)

+ σ

2υ
· �u�2

=
∑

i=m,s

υi P

4ϕ

n∑
k=1

n∑
l=1

|q̇ik | · |qml − qsl | + σ · χ(�u�). (46)

A bound on the time derivative of V can be derived using
the sum of (12), (13), and (40) together with (41)–(46)

V̇ ≤ −σ · (Vk + Vp)− γ · Vd + σ · χ(�u�)

−
∑

i=m,s

(
q̇T

i � �
i q̇i + ψi

n∑
k=1

n∑
l=1

|q̇ik | · |qml − qsl |
)

where

� �
m = Km − dmQm − dseγ ds

4ηs
PQ−1

s PT

−
[
γ λm2

2
+ nds�

2eγ ds · tr(Q−1
s )

4(1 − ηs)

]
· I

� �
s = Ks − dsQs − dmeγ dm

4ηm
PQ−1

m PT

−
[
γ λs2

2
+ ndm�

2eγ dm · tr(Q−1
m )

4(1 − ηm)

]
· I.

Choosing parameters such that � �
i � 0 and ψi ≥ 0 for i = m, s

leads to (39).
Case 2: Consider the teleoperation system at a time instant

when σ = γ . Then, the power due to the external operator
and environment forces at the master and slave sides can be
bounded by

q̇T
m(τh + τed)+ q̇T

s (τe + τhd)

≤
∑

i=m,s

υi

2γ
· q̇T

m q̇m + σ · χ(�u�). (47)

A bound on the time derivative of V can be derived using the
sum of (12), (13), and (40) together with (41)–(45) and (47)

V̇ ≤ −σ · (Vk + Vp)− γ · Vd + σ · χ(�u�)

−
∑

i=m,s

(
q̇T

i �i q̇i + ψ �
i

n∑
k=1

n∑
l=1

|q̇ik | · |qml − qsl |
)

where ψ �
i = �−ϕ. Choosing parameters such that �i � 0 and

ψ �
i ≥ 0 for i = m, s leads to (39).
The above-mentioned analysis of the closed-loop teleoper-

ation system indicates that, although σ is state dependent and
switches between γ and σm + σs over time, if the controller
parameters are selected such that �i = min{�i ,�

�
i } � 0

and ψi = min{ψi , ψ
�
i } ≥ 0, i = m, s, then the

Lyapunov–Krasovskii function (7) satisfies (39).
Theorem 3: The teleoperation system (1) in closed loop

with the controller (37) is IOS with input u(t) = [(τh +
τed)

T (τe + τhd)
T]T, state x(t) = [q̇T

m q̇T
s (qm − qs)

T]T, and
output y(t) = h(t, x(t)) = x(t) if the control gains Ki , P, and
� and the parameters Qi , ηi , υi , γ , and � are selected such
that �i � 0 and ψi ≥ 0 for i = m, s.

Fig. 1. Hardware-in-the-loop experimental setup.

The proof is similar to the proof of Theorem 2, and is
omitted here to save space.

Remark 10: The design procedure for the reduced-order
hybrid four-channel controller in (37) is performed as follows:
after choosing the Proportional gain P, the parameters �,
ϕ and υi are selected small enough to satisfy ψi ≥ 0
and � < npk for i = m, s and k = 1, . . . , n; then the
parameters Qi , γ , and ηi are chosen such that the damping
Ki can be selected sufficiently small to guarantee that �i is
positive semidefinite. This design procedure is simpler than
the procedure in Section III-B, and is another advantage of
the reduced-order strategy over the nonsingular one.

D. Discussion of IOS Teleoperation

In delay-free teleoperation, conventional P + d coordination
control behaves as it does in single robot control: the P term
forms a virtual spring between the master and slave, and
the local d terms form dampers between each robot and the
ground. In the absence of perturbations, the virtual spring
drives the robots to each other. Its potential energy is converted
to kinetic energy of the two robots, which the local dampers
dissipate. The energy of the closed-loop teleoperation system
with P + d control asymptotically tends to zero and the master
and slave converge to the same position. In the presence of
perturbing operator and environment forces, the motion of the
two robots is driven by the virtual spring, the local dampers,
and the external perturbations themselves. If the perturbing
forces inject limited energy, or the local dampers maintain the
total energy of the closed-loop teleoperation system bounded,
the P + d coordination guarantees bounded velocities of,
and position error between, the master and slave robots, with
steady-state error dependent on the P gain.

In teleoperation with time-varying delays, conventional P+d
coordination still acts as local dampers at the master and
slave, but the Proportional control term becomes a distorted
spring. The delays distort the master and slave Proportional
terms P(qm − qsd) and P(qs − qmd ), and threaten stability by
injecting energy in the closed-loop system. However, because
the distortions depend only on the velocity of the remote
robot, the local damping can be designed to serve double
purpose: 1) to bound the velocity of the local robot and, thus,
the energy of the distortions that bounded time-varying delays
inject at the remote robot during a time interval equal to the
maximum delay and 2) to dissipate the energy injected by the
delay-induced distortions at the local robot. Then, the effective
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Fig. 2. Task space positions of the master and slave end-effectors under
P + d control with no force exchange. (a) x-axis positions: master (xm )
and slave (xs ). (b) y-axis positions: master (ym ) and slave (ys ). (c) z-axis
positions: master (zm ) and slave (zs ).

Proportional control can act as a virtual spring connecting the
master and slave.

If the external operator and environment forces are not
passive, they act as perturbations for the master and slave
robots. In this paper, the torques due to the external forces
τh and τe and their transmission to the other side τhd and
τed are called perturbations to distinguish their effects from
those of the distortions P(qm − qmd ) and P(qs − qsd) induced
in the Proportional control by the time-varying delays. Nev-
ertheless, these perturbations should not be rejected because
the master and slave robots need to be partially controlled by
the operator and the environment. To achieve robust position
tracking between the master and the slave without rejecting
the operator and environment perturbations, this paper has
designed controllers that render four-channel teleoperation
IOS. In particular, the three proposed controllers use hybrid
damping-stiffness adjustments in their position coordination
channels to robustify the system: 1) to distortions in coordina-
tion forces and 2) to perturbations in the transmitted operator
and environment forces, both caused by time-varying delays

Fig. 3. Task space positions of the master and slave end-effectors under
P + d control with delayed force transmission. (a) x-axis positions: mas-
ter (xm ) and slave (xs ). (b) y-axis positions: master (ym ) and slave (ys ).
(c) z-axis positions: master (zm ) and slave (zs ).

in the communications. By definition D.2, IOS four-channel
teleoperation guarantees that the master and slave velocities do
not escape in finite time, and that the two robots are coupled
through Proportional control. It also guarantees the classical
result in robot force control [56]: when both robots are at rest
and the slave is in contact with the environment, the torques
due to the operator and environment forces are constant and
balance each other, and the position error between the master
and the slave vanishes.

IV. EXPERIMENTAL VALIDATION

This section contrasts four-channel teleoperation with the
three hybrid damping-stiffness adjustment strategies to con-
ventional two-channel P+d coordination through hardware-
in-the-loop experiments. The experimental setup includes
a Geomagic Touch haptic device, MATLAB/Simulink, and
the robotic simulator V-REP by Robot Operating System
(see Fig. 1). In V-REP, the simulated master and slave are
ABB IRB 4600 industrial robots, and the simulated wall is
frictionless. Task space Proportional plus damping control
connects the master to the haptic device and enables the
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Fig. 4. Task space positions of the master and slave end-effectors under
four-channel hybrid damping-stiffness adjustment control (6). (a) X-axis
positions: master (xm ) and slave (xs ). (b) Y -axis positions: master (ym ) and
slave (ys ). (c) Z -axis positions: master (zm ) and slave (zs ).

human operator to apply a force on the end-effector of the
master by moving the haptic device. The joint space master
and slave controllers are implemented in MATLAB/Simulink.
Time-varying delays di ≤ 5 ms, i = m, s affect the
communications between the two simulated robots. For ease
of corresponding the plots to the video of the experimental
teleoperations at https://youtu.be/c5yWdHLt1lM, this section
presents the task space position tracking performance of
the simulated four-channel teleoperator under the control of
different strategies.

Case 1 (Instability Induced by Delayed Force Transmis-
sion): Teleoperation under classical P+d control [53] and
without force exchange, that is,

τm = −P(qm − qsd)− Km q̇m + gm

τs = −P(qs − qmd )− Ks q̇s + gs

can be stabilized by selecting P = 2 × 105 I and Km =
Ks = 1000 I. Fig. 2 illustrates the robust master–slave
synchronization during free motion, and large position error
during slave-wall contact (time = 2–6.5 min).

Fig. 5. Position tracking errors of the master and slave end-effectors in
(a), (c), and (e) two-channel teleoperation with P+d control and in (b), (d),
and (f) four-channel teleoperation with hybrid damping-stiffness adjustment.
(a) xm − xs shown in Fig. 2(a). (b) xm − xs shown in Fig. 4(a). (c) ym −
ys shown in Fig.2(b). (d) ym − ys shown in Fig. 4(b). (e) zm − zs shown
in Fig. 2(c). (f) zm − zs shown in Fig. 4(c).

However, the teleoperation becomes unstable when delayed
force exchanges are employed in control, that is,

τm = −P(qm − qsd)− Km q̇m + τed + gm

τs = −P(qs − qmd )− Ks q̇s + τhd + gs

where P and Km = Ks are kept unchanged (see Fig. 3)
when the slave touches the wall, the master and slave enter a
limit cycle and the slave cannot maintain the contact with the
wall (time = 1–4 min). In contrast, Cases 2–4 will validate the
robust stability of four-channel teleoperation under the hybrid
strategies proposed in this paper.

Case 2 (Hybrid Damping-Stiffness Adjustment): After
choosing γ = 0.01, ηi = 0.5, υi = 1, and Qi = 105 I,
the selection P = 2×105 I, Ki = 1500 I, and Bi = 1000 I, i =
m, s, makes � in (9) positive semidefinite. Fig. 4 depicts the
position tracking performance of four-channel teleoperation
with this hybrid damping-stiffness adjustment. It shows tight
master–slave synchronization, both during free motion (time =
0–1 min) and during slave contact with the wall (time =
1–2 min).

Fig. 5shows the comparision of the master and slave
position tracking errors in two-channel teleoperation with
P + d control (Fig. 2), and in four-channel teleoperation
with hybrid damping-stiffness adjustment (Fig. 4). Along all
three axes, hybrid four-channel control reduces the maximum
errors by an order of magnitude compared to two-channel
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Fig. 6. Task space positions of the master and slave end-effectors during
four-channel teleoperation with nonsingular hybrid adjustment (18). (a) x-axis
positions: master (xm ) and slave (xs ). (b) y-axis positions: master (ym ) and
slave (ys ). (c) z-axis positions: master (zm ) and slave (zs ).

P + d control. During slave-wall contact, position tracking
errors exist as shown in Fig. 2 and are eliminated as shown
in Fig. 4.

Case 3 (Nonsingular Hybrid Adjustment): Fig. 6 plots the
four-channel teleoperation with nonsingular hybrid adjust-
ment (18). After choosing γ = 0.1, υi = 0.001, ηi =
0.8, Qi = 105 I, the selection P = 2 × 105 I, Ki =
1500 I, and Bi = P makes � in (20) positive semidefi-
nite. Like the hybrid adjustment strategy (6), the nonsingular
hybrid controller can also tightly constrain the master and
slave robots, both during free motion and during slave-wall
contact.

Case 4 (Reduced-Order Hybrid Adjustment): Fig. 7 shows
the four-channel teleoperation with the reduced-order hybrid
strategy (37). Let P = 2 × 105 I, ϕ = 0.01, � = 100,
υi = 10−7, ηi = 0.8, and Qi = 106 I, i = m, s. The
selection γ = 1 makes ψi nonnegative, and Ki = 1500 I
renders �i positive semidefinite. Compared to the nonsingular
hybrid strategy, Fig. 7 indicates that the reduced-order hybrid
control practically attenuates vibrations upon contact.

Fig. 7. Task space positions of master and slave end-effectors dur-
ing four-channel teleoperation with reduced-order hybrid adjustment (37).
(a) x-axis positions: master (xm ) and slave (xs ). (b) y-axis positions:
master (ym ) and slave (ys ). (c) z-axis positions: master (zm ) and slave (zs ).

V. CONCLUSION

To guarantee robustly stable four-channel teleoperation
with time-varying delays, this paper has proposed a hybrid
damping-stiffness adjustment strategy for the master–slave
position coordination channels. The hybrid strategy augments
the conventional four-channel controller with a nonlinear term
that combines local velocity and the master–slave position
error at each robot side. Four-channel teleoperation with the
hybrid adjustment couples the master to the slave and, implic-
itly, the human operator to the environment, tightly. However,
the hybrid control terms are singular at zero velocities and
may cause spikes in the control torques and chatter in the
robot velocities. In practical implementation, they may reduce
performance and even destroy the actuators and the robots.
To overcome this limitation, this paper has introduced a sec-
ond, nonsingular hybrid damping-stiffness adjustment strategy.
The nonsingular controller employs saturation to eliminate the
singularities and, with them, the torque spikes at zero veloc-
ities. Being quadratic in the position error, the nonsingular
hybrid control terms may overwhelm the Proportional control
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terms and thwart the master–slave coordination. To guaran-
tee the coordination of the two robots, however, large their
position error may become, this paper has presented a third,
reduced-order hybrid damping-stiffness adjustment strategy,
whose hybrid control term is linear in position error. Future
work will investigate how to distinguish the desirable from
the harmful components of the delayed perturbing operator
and environment forces.
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