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Connectivity-Preserving Synchronization of
Time-Delay Euler–Lagrange Networks

With Bounded Actuation
Yuan Yang , Yang Shi , Fellow, IEEE, and Daniela Constantinescu , Member, IEEE

Abstract—This paper proposes a strategy to overcome the
threats posed to connectivity-preserving synchronization of
Euler–Lagrange networks by time-varying delays and bounded
actuation. It first introduces a suitable distributed negative
gradient plus damping injection controller, based on which
it establishes that the local connectivity of time-delay Euler–
Lagrange networks can be preserved by appropriately regulating
the interagent connections and increasing the damping injec-
tion locally. Yet, actuator saturation may impede the proper
modulation of the interagent connections and the injection
of sufficient damping and, thus, may threaten the mainte-
nance of connectivity. This paper then develops an indirect
coupling control framework which integrates the bounded
actuation constraints into the control design. The framework
endows every agent with a virtual proxy and couples ini-
tially adjacent agents through their virtual proxies. The inter-
proxy couplings then tackle the time-varying delays while the
agent-proxy couplings account for the saturation of actuators.
Lyapunov–Krasovskii analysis proves that the indirect cou-
pling strategy can drive time-delay Euler–Lagrange networks
with bounded actuation to connectivity-preserving synchroniza-
tion by limiting the energy of the agent-proxy and interproxy
couplings according to the actuation constraints. Experiments
with Geomagic Touch haptic robots validate the proposed
designs compared to a conventional proportional plus damping
controller.

Index Terms—Connectivity, Euler–Lagrange systems, satura-
tion, synchronization, time-varying delays.

I. INTRODUCTION

D ISTRIBUTED synchronization of multiagent
systems (MASs) drives all agents to the same state

using only local and 1-hop state signals [1]. Established
strategies employ static proportional (P) control for first-order
MASs [2], proportional–derivative (PD) control for second-
order MASs [3], and proportional plus damping (P+d) control
for Euler–Lagrange (EL) networks [4]. Because practical
interagent communications are constrained by distances, the
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connectivity of multiagent networks may be destroyed under
the control of conventional coordination strategies [5].

For MASs with first-order agents, synchronization can be
formulated as the minimization of a potential energy that is a
function of interagent distances and has a unique minimum at
the synchronization configuration. A negative gradient-based
controller can then synchronize the MAS. If the potential
function is quadratic in interagent distances, the negative
gradient law is a form of P control. Distributed P-type con-
trols that guarantee the connectivity and synchronization of
kinematic MASs can be derived from unbounded [6]–[9] or
bounded [10]–[13] potentials. Nonsmooth gradient-based con-
trollers can achieve finite-time synchronization in the presence
of disturbances [14] and Lipschitz nonlinearities [15]. Other
distributed gradient-based strategies provide connectivity in
the presence of actuator saturation [16] or obstacles [17], [18],
strong connectivity in directed graphs in the presence of dis-
turbances [19] or intermittent connectivity [20]–[22]. Recent
research investigates the robustness and invariance of con-
nectivity preservation in the presence of additional control
terms [23], and the tradeoffs among bounded controls, con-
nectivity maintenance, and additional control objectives [24].

For MASs with second-order, including EL, agents, syn-
chronization can be formulated as the minimization of an
energy function with a unique minimum at the synchroniza-
tion state and with two components: 1) a potential energy
function like that of MASs with first-order agents and 2) a
kinetic energy function of agent velocities. A negative gradi-
ent plus damping injection strategy, like conventional PD and
P+d control, can then synchronize the second-order MAS. In
the absence of actuation constraints, distributed gradient-based
control can also guarantee connectivity-preserving consen-
sus for double integrator MASs [25]. Robust gradient-based
control can maintain connectivity during the coordination
of double integrators with Lipschitz-like dynamic nonlin-
earities [26], and during leader–follower coordination of
double integrators [27]–[32] and of EL agents [33], [34].
Integral terms added to sliding mode and conventional
PD controllers can robustly preserve connectivity during
rendezvous [31], flocking [35], [36], and formation track-
ing [37], [38]. Decentralized algebraic connectivity estimation
can preserve global connectivity in cooperative control of mul-
tirobots [39]–[42]. A sufficient condition on control forces for
preserving connectivity of double integrator MASs has been
investigated in [43].

2168-2267 c© 2019 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
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At the communications level, recurrent proximity
maintenance [20], [22]; switching graphs [44]; directed
graphs [19]; and intermittent algebraic connectivity esti-
mators [42], [45], [46] tackle threats to connectivity due
to limited agent communication ranges. Threats due to
time-varying communication delays are considered only for
attitude synchronization [47], for EL MASs with uncertain
parameters [48] and for EL networks without velocity
measurements [49]. The threats posed to the connectivity-
preserving synchronization of networked EL systems by
combined time-varying communication delays and limited
actuation are still unclear. This paper proposes a distributed
control framework to overcome them.

This paper contributes to research on connectivity-
preserving synchronization of time-delay EL networks with
bounded actuation as follows.

1) It introduces a potential function from which it derives a
gradient plus damping injection control that guarantees
connectivity-preserving synchronization of time-delay
EL networks with unbounded actuation. Lyapunov sta-
bility analysis reveals that the designed control maintains
connectivity by modulating the coupling stiffness and
by increasing the injected damping. Because actua-
tor saturation restricts the coupling strength and added
damping, the strategy is insufficient for connectivity-
preserving synchronization of time-delay EL networks
with bounded actuation.

2) It develops a coupling framework which, to the authors’
best knowledge, is the first strategy to guarantee the
connectivity of time-delay EL networks with bounded
actuation. The strategy: a) equips each agent with its
local second-order virtual proxy; b) couples the agents to
their proxies through saturated P+d controls; and c) con-
nects the proxies of initially adjacent agents through
properly designed gradient plus damping injection con-
trol. Because it couples each pair of adjacent agents
indirectly, through their proxies, the proposed strategy
is called an indirect coupling framework in this paper.
The strategy has three salient features: a) the saturated
P+d agent controls exploit their limited actuation more
fully, as in the regulation control of a single robot [50];
b) the virtual proxies split the interagent couplings into
agent-proxy and interproxy couplings and, thus, permit
to tackle time-varying delays and actuator saturation sep-
arately, the former in interproxy couplings and the latter
in agent-proxy couplings; and c) uniquely to the design,
the minimization of the agent-proxy coupling energy on
the boundary of a ball limits the interproxy coupling
energy appropriately for guaranteed preservation of local
connectivity.

3) It compares experimentally the proposed controllers
to conventional P+d control [4] to demonstrate that:
a) conventional P+d control does not guarantee the
local connectivity of time-delay EL networks, and thus
may fail to synchronize them; b) given full actuation,
the proposed gradient plus damping injection control
can drive time-delay EL networks that are initially at
rest to connectivity-preserving synchronization; and c)

the proposed indirect coupling framework guarantees
connectivity-preserving synchronization of time-delay
EL networks in the presence of actuator saturation.

II. PRELIMINARIES

Consider a network of N nonredundant EL agents with
dynamics

Mi(xi)ẍi + Ci(xi, ẋi)ẋi = ui i = 1, . . . ,N. (1)

In (1): the subscript i indexes the agent; xi, ẋi, and ẍi are
its n-dimensional position, velocity, and acceleration; Mi(xi)

and Ci(xi, ẋi) are its matrices of inertia and of Coriolis and
centrifugal effects, respectively; and ui is the control force
applied to the agent. The dynamics (1) have the following
properties [51].

P.1: The inertia matrix Mi(xi) is symmetric, positive defi-
nite, and uniformly bounded by 0 ≺ λi1I � Mi(xi) �
λi2I ≺ ∞, with λi2 ≥ λi1 > 0.

P.2: The matrix Ṁi(xi)− 2Ci(xi, ẋi) is skew-symmetric.
For simplicity of notation, Mi and Ci indicate Mi(xi) and
Ci(xi, ẋi), respectively, in the remainder of this paper.

Further, consider that each agent of the EL network (1) can
both send and receive information from other agents that are
closer than a distance r from it. Agents i and j are called
adjacent, or neighbors, at time t if they exchange information
at all time until t. Note that to be adjacent at time t, agents
i and j must have been within communication distance r of
each other, and thus neighbors, at all time, that is, ‖xij(τ )‖ =
‖xi(τ ) − xj(τ )‖ < r, ∀τ ∈ [0, t]. The communication graph
G(t) = {V, E(t)} of the EL network (1) consists of a set of
nodes V = {1, . . . ,N}, each associated with one agent in the
network, and a set of communication edges E(t) = {(i, j) ∈
V × V | ‖xij(τ )‖ < r ∀τ ∈ [0, t]}, each associated with a
communication link in the network. A path in the graph G(t)
is a sequence of connected edges (i, j), (j, k), . . . , that belong
to E(t). The graph G(t) is connected iff there exists a path
between each pair of agents.

The connectivity-preserving synchronization of delay-free
EL networks has been formulated in [25] as follows.

Problem 1: For the EL network (1), find a distributed con-
trol law such that: 1) ‖xij(t)‖ < r, ∀t ≥ 0 and ∀(i, j) ∈ E(0)
and 2) ‖xij(t)‖ → 0 as t → ∞ ∀(i, j) ∈ E(0).

Remark 1: A connected communication graph is sufficient
for synchronizing an EL network. In practical applications,
in which agents can exchange information only when they
are sufficiently close to each other, graph edges and, with
them, graph connectivity may be destroyed during control.
Then, the synchronization task may fail due to the discon-
nection of the communication graph. The threat posed to
synchronization by a limited agent communication distance r
can be overcome by preserving local connectivity during syn-
chronization, that is, by guaranteeing E(t) = E(0) ∀t ≥ 0.
In the absence of communication delays, all initial edges of
the communication graph are maintained at all times iff all
pairs of initially adjacent agents are kept within their com-
munication distance r at all times, that is, iff ‖xij(t)‖ < r
∀(i, j) ∈ E(0) and ∀t ≥ 0. Compared to conventional con-
sensus, the connectivity-preserving synchronization Problem 1
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imposes the additional constraint 1) on the interagent
distances ‖xij(t)‖.

To preserve the connectivity of the EL network (1) in the
presence of time-varying communication delays and bounded
actuation, this paper relies on three assumptions.

Assumption 1: The transmission of information from
agent i to agent j is affected by the time-varying delay Tij(t),
upper bounded by Tij(t) ≤ Tij.

Assumption 2: Initially, each agent i of the EL network (1)
is at rest, and has been at rest longer than the maximum trans-
mission delay from it to its neighbors j, that is, ẋi(τ ) = 0 ∀τ ∈
[−Ti, 0] and ∀i = 1, . . . ,N, where Ti = max(i,j)∈E(0)(Tij).

Assumption 3: The initial communication graph of the EL
network (1) is undirected and connected, and each pair of
initially adjacent agents (i, j) is strictly within their communi-
cation distance r at t = 0, that is, ‖xij(0)‖ = ‖xji(0)‖ < r − ε

for some ε > 0 if (i, j) ∈ E(0).
Remark 2: The upper bounds on the time-varying delays

in Assumption 1 determine the damping needed for stabil-
ity and for preserving the existing communication links in
a time-delay EL network. Assumption 2 is inspired by the
observation that second-order MASs with limited actuation
cannot achieve connectivity-preserving consensus from certain
initial states (see Section IV-A [52]). Assumption 3 has been
proposed in gradient-based connectivity-preserving consensus
control of second-order MASs [25], [29], [36] to account for
the inertia of agents with second-order dynamics.

III. MAIN RESULTS

This section first develops a gradient plus damping con-
trol for connectivity-preserving synchronization of time-delay
EL networks with unbounded actuation. Then, it integrates
the gradient-based control into an indirect coupling framework
that provably copes with saturating actuators.

A. Time-Delay EL Network With Unbounded Actuation

Let the following potential function describe the energy
stored in each initial link (i, j) ∈ E(0) at time t:

ψ
(‖xij‖

) = P · ‖xij‖2

r2 − ‖xij‖2 + Q
(2)

where P and Q are positive constants to be determined, and
‖xij‖ is used in place of ‖xij(t)‖ to simplify notation. Further,
let the connectivity-preserving controller of agent i be

ui = −
∑

j∈Ni

∇iψ
(
‖xd

ij‖
)

− Kiẋi (3)

where Ki > 0, xd
ij = xi − xjd with xjd = xj(t − Tji(t)) the

delayed data received by agent i from agent j, and

∇iψ
(
‖xd

ij‖
)

= 2P · (r2 + Q
)

(
r2 −

∥
∥∥xd

ij

∥
∥∥

2 + Q

)2
· (xi − xjd

)
(4)

are the gradients of ψ(‖xd
ij‖) with respect to xi.

Remark 3: The potential function ψ(‖xij‖) in (2) is contin-
uous, positive definite, and strictly increasing with respect to
‖xij‖ ∈ [0, r]. Using Assumption 3, ‖xij(0)‖ < r − ε < r for
every (i, j) ∈ E(0), it can be shown that the controller (3) can
be designed to guarantee the condition

ψ
(∥∥xij(t)

∥∥) < ψ(r) = Pr2

Q
∀t ≥ 0.

In turn, this condition implies that agents i and j are within
communication distance r of each other at all times in the
absence of time-varying transmission delays [25].

Remark 4: For delay-free communications, ‖xij(t)‖ < r for
all t ≥ 0 is a sufficient condition for preserving the undirected
communication link between agents i and j during synchro-
nization, that is, for (i, j) ∈ E(0) ⇒ (i, j) ∈ E(t) ∀t ≥ 0.
For delayed communications, at time t, agent i receives the
information sent by agent j at time t − Tji(t) and agent j
receives the information sent by agent i at time t − Tij(t). The
undirected communication link between agents i and j exists
at time t, that is, (i, j) ∈ E(t), iff ‖xi(t) − xj(t − Tji(t))‖ ≤ r
and ‖xj(t)− xi(t − Tij(t))‖ ≤ r. To account for bounded time-
varying communication delays, this paper defines the set of
neighbors of agent i at time t as follows:

Ni = {
j ∈ V | (i, j) ∈ E(0) and |xij|T < r

}
(5)

where

|xij|T = sup
−Tji≤τ≤0

∥∥xi(t)− xj(t + τ)
∥∥. (6)

Connectivity-preserving synchronization can then be ana-
lyzed using the following Lyapunov candidate:

V = Vk + Vp + ω · Vd (7)

where ω > 0 and

Vk = 1

2

N∑

i=1

ẋT
i Miẋi

Vp = 1

2

N∑

i=1

∑

j∈Ni(0)

ψ
(‖xij‖

)

Vd =
N∑

i=1

∑

j∈Ni(0)

Tji ·
∫ t

t−Tji

∥
∥ẋj(θ)

∥
∥2

dθ (8)

with j ∈ Ni(0) if and only if (i, j) ∈ E(0) by Assumptions 2
and 3. In (8), Vk is the kinetic energy of the EL network; Vp

is the potential energy of all initial interagent links (i, j) ∈
E(0); and Vd measures the impact of time-varying delays on
connectivity maintenance.

The analysis is facilitated by the following lemma.
Lemma 1: Let the EL network (1) satisfy Assumptions 1–3,

let r = r − κ · ε with 0 < κ < 1, and select P, Q, and ω by
[
r2 − M · (r − ε)2

]
Q ≥

[
r2 + M · (r − r)2

]
(r − ε)2 − r2r2

(9)
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where M = |E(0)| is the size of G(0), and by

ω ≥ P · r2

κ2ε2 · (r2 − r2 + Q
) . (10)

If V(τ ) ≤ V(0) for any τ ∈ [0, t], then |xij|T < r and thus
‖xd

ij‖ < r for every (i, j) ∈ E(0), that is, all initial links are
preserved regardless of communication delays.

Proof: Assumption 2 on zero initial velocities of the network
implies that Vk(0) = Vd(0) = 0 and, thus, V(0) = Vp(0).
Choosing Q by (9) leads to

Vp(0) <
MP · (r − ε)2

r2 − (r − ε)2 + Q
≤ P · r2

r2 − r2 + Q
.

Because Vk and Vd are non-negative, it follows that Vp(τ ) ≤
V(τ ) for every τ ∈ [0, t]. Hence, if V(τ ) ≤ V(0), then

Vp(τ ) ≤ V(τ ) ≤ V(0) = Vp(0) <
P · r2

r2 − r2 + Q
. (11)

From ψ(‖xij‖) continuous, positive definite, and strictly
increasing on ‖xij‖ ∈ [0, r], it follows that:

0 ≤ ψ
(‖xij(0)‖

)
<

P · (r − ε)2

r2 − (r − ε)2 + Q
<

P · r2

r2 − r2 + Q

by Assumption 3 and the definition of ψ(‖xij‖) in (2). Suppose
that at time t, the link with maximal length among all initial
links is ‖xlm(t)‖ = r. Then it follows that:

ψ(‖xlm(t)‖) = P · r2

r2 − r2 + Q
.

Since ‖xij(t)‖ ≤ ‖xlm(t)‖ ∀(i, j) ∈ E(0) − {(l,m)}, it further
follows that:

0 ≤ ψ
(‖xij(t)‖

) ≤ P · r2

r2 − r2 + Q
∀(i, j) ∈ E(0)− {(l,m)}.

and that

Vp(t) ≥ P · r2

r2 − r2 + Q

which contradicts (11). Hence, (11) implies that

0 ≤ ψ
(‖xij(t)‖

) ≤ Vp(t) <
P · r2

r2 − r2 + Q
∀(i, j) ∈ E(0)

and further that
∥
∥xij(t)

∥
∥ < r ∀(i, j) ∈ E(0). (12)

Application of the Cauchy–Schwarz inequality leads to
∫ t

t−Tji

∥∥ẋj(θ)
∥∥2

dθ =
n∑

k=1

∫ t

t−Tji

∣∣∣ẋk
j (θ)

∣∣∣
2
dθ

= 1

Tji

n∑

k=1

∫ t

t−Tji

∣∣∣ẋk
j (θ)

∣∣∣
2
dθ
∫ t

t−Tji

12dθ

≥ 1

Tji

n∑

k=1

(∫ t

t−Tji

∣∣∣ẋk
j (θ)

∣∣∣dθ

)2

≥ 1

Tji

n∑

k=1

(

sup
−Tji≤τ≤0

xk
j (t + τ)− inf

−Tji≤τ≤0
xk

j (t + τ)

)2

≥ 1

Tji
· sup
−Tji≤τ1,τ2≤0

∥∥xj(t + τ1)− xj(t + τ2)
∥∥2

≥ 1

Tji
· sup
−Tji≤τ≤0

∥∥xj(t)− xj(t + τ)
∥∥2

where ẋk
j is the kth element of ẋj. Thus, Vd can be lower

bounded by

Vd(t) ≥
N∑

i=1

∑

j∈Ni(0)

sup
−Tji≤τ≤0

∥∥xj(t)− xj(t + τ)
∥∥2
.

By the selection of ω in (10), it follows that:

sup
−Tji≤τ≤0

∥∥xj(t)− xj(t + τ)
∥∥

≤ √
Vd(t) ≤

√
V(t)

ω

≤
√

V(0)

ω
=
√

Vp(0)

ω
<

√
1

ω
· P · r2

r2 − r2 + Q
= κ · ε. (13)

Using (6) after adding (12) and (13) leads to

|xij|T = sup
−Tji≤τ≤0

∥∥xi(t)− xj(t + τ)
∥∥

= sup
−Tji≤τ≤0

∥
∥xi(t)− xj(t)+ xj(t)− xj(t + τ)

∥
∥

≤ ∥∥xij(t)
∥∥+ sup

−Tji≤τ≤0

∥∥xj(t)− xj(t + τ)
∥∥

< r + κ · ε = r ∀(i, j) ∈ E(0) (14)

so all initial links are preserved regardless of communication
delays.

Remark 5: The above proof of Lemma 1 is in four steps.
1) Given V(t) ≤ V(0) and the parameter selection (9), Vk ≥

0, Vd ≥ 0, and V(0) = Vp(0) imply (11).
2) Because ψ(‖xij‖) is continuous, positive definite, and

strictly increasing on ‖xij‖ ∈ [0, r], Assumption 3
together with (11) imply (12) by contradiction.

3) Application of the Cauchy–Schwarz inequality bounds
Vd and together with (10) and (11) leads to (13).

4) The definition of |xij|T in (6) and the triangle inequality
imply (14).

The proof of (12) by contradiction in step 2) has been
developed in [25] for mobile agents with delay-free com-
munications. By contrast, the proof in this paper is for
time-delay EL networks. As discussed in Remark 4, connec-
tivity preservation in time-delay networks must account for the
delay-induced distortions xj(t) − xj(t − Tji(t)). In this paper,
the function Vd in the Lyapunov candidate V serves to bound
xj(t)− xj(t − Tji(t)) in (13) and |xij|T in (14).

Theorem 1: Let the EL network (1) sat-
isfy Assumptions 1–3. Then, the controls (3) preserve
all initial links and synchronize the network if the parameters
P, Q, and ω are selected as in (9) and (10), and the gains Ki

are chosen to satisfy

Ki = Ki − 1

2

∑

j∈Ni(0)

(
(2ω + υ) · Tij + υ · Tji

)
> 0 (15)

where υ = 2PQ−3 · (r2 + Q) · (4r2 + Q).
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Proof: By property P.2, the derivative of Vk is

V̇k = 1

2

N∑

i=1

(
ẋT

i Ṁiẋi + 2ẋT
i Miẍi

)

= 1

2

N∑

i=1

ẋT
i

(
Ṁi − 2Ci

)
ẋi +

N∑

i=1

ẋT
i ui

= −
N∑

i=1

ẋT
i

∑

j∈Ni

∇iψ
(
‖xd

ij‖
)

−
N∑

i=1

Ki · ‖ẋi‖2. (16)

The initially undirected network by Assumption 3 implies that
j ∈ Ni(0) iff i ∈ Nj(0), and thus,

V̇p = 1

2

N∑

i=1

∑

j∈Ni(0)

(
ẋT

i ∇iψ
(‖xij‖

)+ ẋT
j ∇jψ

(‖xij‖
))

= 1

2

N∑

i=1

∑

j∈Ni(0)

ẋT
i ∇iψ(‖xij‖)

+ 1

2

N∑

j=1

∑

i∈Nj(0)

ẋT
i ∇iψ(‖xij‖)

=
N∑

i=1

∑

j∈Ni(0)

ẋT
i ∇iψ(‖xij‖). (17)

Constant Tji then leads to

V̇d =
N∑

i=1

∑

j∈Ni(0)

Tji ·
(∥∥ẋj

∥∥2 − ∥∥ẋj
(
t − Tji

)∥∥2
)
. (18)

Because Ni(t) = Ni(0) for all i = 1, . . . ,N at time t = 0,
V(τ ) ≤ V(0) ∀τ ∈ [0, t] implies by Lemma 1 that Ni(t) =
Ni(0), that is, that all initial links are maintained ∀τ ∈ [0, t].
Set invariance [53] can then be leveraged to prove connectivity
maintenance by induction on time [25]. Let V(τ ) ≤ V(0) ∀τ ∈
[0, t) and, thus, Ni(τ ) = Ni(0) ∀τ ∈ [0, t) in (16). It then
suffices to prove that V(t) ≤ V(0) as follows.

After adding (16)–(18), the derivative of V becomes

V̇ ≤
N∑

i=1

∑

j∈Ni(0)

(
ẋT

i · ∇iψ
(‖xij‖

)− ẋT
i · ∇iψ

(∥∥
∥xd

ij

∥∥
∥
))

−
N∑

i=1

⎛

⎝Ki · ‖ẋi‖2 −
∑

j∈Ni(0)

ωTji · ‖ẋj‖2

⎞

⎠. (19)

By the definition of Ni in (5), j ∈ Ni ⇒ |xij|T < r and, thus,
‖xij‖ ≤ |xij|T < r and ‖xd

ij‖ ≤ |xij|T < r. It follows that:

ẋT
i · ∇iψ(

∥∥xij
∥∥)− ẋT

i · ∇iψ(

∥∥∥xd
ij

∥∥∥)

= 2P · (r2 + Q
)

(
r2 − ∥

∥xij
∥
∥2 + Q

)2
· ẋT

i · (xi − xj
)

− 2P · (r2 + Q
)

(
r2 −

∥∥∥xd
ij

∥∥∥
2 + Q

)2
· ẋT

i · (xi − xjd
)

= 2P · (r2 + Q
) · ẋT

i xij
(

r2 − ∥∥xij
∥∥2 + Q

)2
− 2P · (r2 + Q

) · ẋT
i xij

(
r2 −

∥∥∥xd
ij

∥∥∥
2 + Q

)2

− 2P · (r2 + Q
) · ẋT

i · (xj − xjd)
(

r2 −
∥∥∥xd

ij

∥∥∥
2 + Q

)2

= 2P · (r2 + Q
) · ẋT

i xij

(
r2 − ∥∥xij

∥∥2 + Q
)2
(

r2 −
∥∥∥xd

ij

∥∥∥
2 + Q

)2

×
((

r2 −
∥∥∥xd

ij

∥∥∥
2 + Q

)2

−
(

r2 − ∥∥xij
∥∥2 + Q

)2
)

− 2P · (r2 + Q
) · ẋT

i · (xj − xjd)
(

r2 −
∥∥∥xd

ij

∥∥∥
2 + Q

)2

≤ 2P · (r2 + Q
) · |ẋT

i xij|
(

r2 − ∥∥xij
∥∥2 + Q

)
(r2 −

∥∥∥xd
ij

∥∥∥
2 + Q)

×
⎛

⎜
⎝

1

r2 − ∥∥xij
∥∥2 + Q

+ 1

r2 −
∥∥∥xd

ij

∥∥∥
2 + Q

⎞

⎟
⎠

×
∣∣∣∣

(
r2 −

∥∥∥xd
ij

∥∥∥
2 + Q

)
−
(

r2 − ∥∥xij
∥∥2 + Q

)∣∣∣∣

+ 2PQ−2 ·
(

r2 + Q
)

· |ẋT
i · (xj − xjd

)|

≤
4PQ−1 · (r2 + Q

) ·
∣∣∣∣
∥∥xij

∥∥2 −
∥∥∥xd

ij

∥∥∥
2
∣∣∣∣ · |ẋT

i xij|
(

r2 − ∥∥xij
∥∥2 + Q

)(
r2 −

∥∥
∥xd

ij

∥∥
∥

2 + Q

)

+ 2PQ−2 ·
(

r2 + Q
)

·
∣∣∣ẋT

i · (xj − xjd
)∣∣∣

≤ 4PQ−3 ·
(

r2 + Q
)

·
∣∣∣∣
∥∥xij

∥∥2 −
∥∥∥xd

ij

∥∥∥
2
∣∣∣∣ · |ẋT

i xij|

+ 2PQ−2 ·
(

r2 + Q
)

· |ẋT
i · (xj − xjd

)|
≤ 8PQ−3 ·

(
r2 + Q

)
· r ·

∥∥∥xij − xd
ij

∥∥∥ · |ẋT
i xij|

+ 2PQ−2 ·
(

r2 + Q
)

· |ẋT
i · (xj − xjd

)|
≤ υ · ‖ẋi‖ · ∥∥xj − xjd

∥∥. (20)

After substitution of (20) into (19), V̇ is upper bounded by

V̇ ≤
N∑

i=1

∑

j∈Ni(0)

υ · ‖ẋi‖ · ‖xj − xjd‖

−
N∑

i=1

⎛

⎝Ki −
∑

j∈Ni(0)

ωTij

⎞

⎠ · ‖ẋi‖2. (21)

Remark 6: In (19), the double summation captures the
impact of the delay-induced distortions on connectivity-
preserving synchronization. Then, (20) shows that the mis-
matches due to the time-varying delays can be linearized and
upper bounded on Ni. As shown below, this property is key to
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determining how much damping to inject locally to overcome
the threat posed by the delayed-induced distortions.

The Cauchy–Schwarz inequality helps to bound the cumu-
lative effect of the distortions as follows:

∫ t

0
‖ẋi(θ)‖ · ∥∥xj(θ)− xjd(θ)

∥
∥dθ

≤
(∫ t

0
‖ẋi(θ)‖2dθ

) 1
2
(∫ t

0

∥∥xj(θ)− xjd(θ)
∥∥2

dθ

) 1
2

=
(∫ t

0
‖ẋi(θ)‖2dθ

) 1
2

⎛

⎝
∫ t

0

∥∥∥∥∥

∫ θ

θ−Tji(θ)

ẋj(ξ)dξ

∥∥∥∥∥

2

dθ

⎞

⎠

1
2

=
(∫ t

0
‖ẋi(θ)‖2dθ

) 1
2

⎛

⎝
∫ t

0

n∑

k=1

∣∣
∣∣∣

∫ θ

θ−Tji(θ)

ẋk
j (ξ)dξ

∣∣
∣∣∣

2

dθ

⎞

⎠

1
2

≤
(∫ t

0
‖ẋi(θ)‖2dθ

) 1
2
(∫ t

0

n∑

k=1

Tji

∫ θ

θ−Tji(θ)

|ẋk
j (ξ)|2dξdθ

) 1
2

=
(∫ t

0
‖ẋi(θ)‖2dθ

) 1
2
(

Tji

∫ t

0

∫ 0

−Tji(θ)

‖ẋj(θ + τ)‖2dτdθ

) 1
2

≤
(∫ t

0
‖ẋi(θ)‖2dθ

) 1
2
(

Tji

∫ t

0

∫ 0

−Tji

‖ẋj(θ + τ)‖2dτdθ

) 1
2

=
(∫ t

0
‖ẋi(θ)‖2dθ

) 1
2
(

Tji

∫ 0

−Tji

∫ t

0
‖ẋj(θ + τ)‖2dθdτ

) 1
2

≤
(∫ t

0
‖ẋi(θ)‖2dθ

) 1
2
(

Tji

∫ 0

−Tji

∫ t

0
‖ẋj(θ)‖2dθdτ

) 1
2

= Tji ·
(∫ t

0
‖ẋi(θ)‖2dθ

) 1
2
(∫ t

0
‖ẋj(θ)‖2dθ

) 1
2

≤ Tji

2
·
(∫ t

0
‖ẋi(θ)‖2dθ +

∫ t

0
‖ẋj(θ)‖2dθ

)
(22)

where ẋk
j (ξ) is the kth element of ẋj(ξ) and Assumption 2 has

been used, that is, ẋi(θ) = 0 for θ ∈ [−Tji, 0]. Then, time
integration of V̇ from 0 to t leads to

V(t) ≤
N∑

i=1

∑

j∈Ni(0)

υTji

2

∫ t

0

(
‖ẋi(θ)‖2 + ‖ẋj(θ)‖2

)
dθ

−
N∑

i=1

⎛

⎝Ki −
∑

j∈Ni(0)

ωTij

⎞

⎠
∫ t

0
‖ẋi(θ)‖2dθ + V(0)

= V(0)−
N∑

i=1

Ki ·
∫ t

0
‖ẋi(θ)‖2dθ. (23)

The selection of Ki > 0 in (15) guarantees that: 1) V(t) ≤ V(0)
∀t ≥ 0 and 2) ẋi ∈ L2 ∩ L∞ for i = 1, . . . ,N.

Because parameters P, Q, and ω sat-
isfy (9) and (10), Lemma 1 together with V(t) ≤ V(0)
∀t ≥ 0 prove that all initial links are preserved,

that is, Ni(t) = Ni(0) for all t ≥ 0 and
i = 1, . . . ,N. By Barbalat’s lemma, ẋi ∈ L2 ∩ L∞
for i = 1, . . . ,N implies synchronization of the EL
network [4], [25].

Remark 7: The proof of Theorem 1 above is by making
Ni(τ ) forward invariant [53]: assume Ni(t−) = Ni(0) and
V(τ ) ≤ V(0) for all τ ∈ [0, t) and obtain V(t) ≤ V(0)
which, in turn, implies that Ni(t) = Ni(0). The connectivity-
preserving synchronization controllers (3) can be designed as
follows:

1) select Q to satisfy (9);
2) set ω by (10) after choosing P heuristically;
3) inject sufficient local damping according to (15).
Practical EL networks have limited actuation and the con-

trols (3) may saturate it and become invalid. The following
section develops an indirect coupling control framework to
integrate the constraints due to bounded actuation into the
controller design.

B. Time-Delay EL Network With Bounded Actuation

The indirect coupling framework proposed in this section:
1) endows each agent with a second-order virtual proxy;
2) interconnects the proxies of initially adjacent agents; and
3) couples the agents to their proxies. As shown below, the
intervening dynamics of the virtual proxies decouple the time-
varying delays from actuator saturation because they permit to
tackle the delays in the interproxy couplings and the actuation
bounds in the agent-proxy couplings.

The designed dynamics of the virtual proxy of agent i are

M̂i
¨̂xi = Sati

(
Pix̃i

)−
∑

j∈Ni

∇iψ̂
(∥∥∥x̂d

ij

∥∥∥
)

− K̂i
˙̂xi (24)

where x̃i = xi − x̂i, x̂d
ij = x̂i − x̂jd with x̂jd = x̂j(t − Tji(t)),

Sati(·) is a vector-valued saturation function with bounds to
be determined in Remark 8, M̂i is a tunable positive diagonal
matrix, Pi and K̂i are positive constants, Ni is to be defined
in (29), and the potential function ψ̂(‖x̂ij‖) is defined by

ψ̂(‖x̂ij‖) = P̂ · ‖x̂ij‖2

r̂2 − ‖x̂ij‖2 + Q̂
(25)

with r̂ = r − 2ε/3, and P̂ and Q̂ are positive constants to be
determined. The gradient of ψ̂(‖x̂d

ij‖) with respect to x̂i

∇iψ̂
(∥∥∥x̂d

ij

∥
∥∥
)

=
2P̂ ·

(
r̂2 + Q̂

)

(
r̂2 −

∥∥∥x̂d
ij

∥∥∥
2 + Q̂

)2
· (x̂i − x̂jd

)
(26)

provides the coupling between the proxies of the initially
adjacent agents i and j. The nominal control

ûi = −Pix̃i − Kiẋi (27)

where Ki is a non-negative constant, connects each EL agent i
to its virtual proxy, and completes the design of the indirect
coupling framework.

Remark 8: Let the actuation bound of each agent i be ui =
[ū1

i · · · ūn
i ]T. The actual control input ui is then a saturated
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version of the nominal control ûi, generally modeled by [50]

ui = Sati
(
ûi
) =

[
sat1i

(
û1

i

)
· · · satni

(
ûn

i

)]T
. (28)

In (28), Sati(·) saturates ûi component-wise by standard satu-
ration functions satki (·) with bounds uk

i , k = 1, . . . , n. Because
the proportional gains Pi and damping gains Ki can be tuned
freely, independent of the time-varying delays and actuator sat-
uration, the controller (27) can exploit the available bounded
actuation more fully, as discussed in [50], [54], and [55].

Remark 9: The virtual proxy designed in (24) can be
regarded as a virtual inertia M̂i with position x̂i and forced by
the right-hand side of (24). The saturated proportional term,
Sati(Pix̃i) in (24) connects the proxy to its EL agent i pas-
sively. The gradient term −∇iψ̂(‖x̂d

ij‖) connects the proxies
of the adjacent agents i and j via delayed communications.
Because every two neighboring agents i and j are connected
to their proxies and the proxies, in turn, are connected to
each other, adjacent agents are indirectly coupled through their
proxies.

For delay-free communications, connectivity preservation
requires that ‖xij(t)‖ < r, ∀(i, j) ∈ E(0) and ∀t ≥ 0. By the
triangle inequality, ‖xij‖ ≤ ‖x̃i‖ + ‖x̂ij‖ + ‖x̃j‖ and it suffices
to guarantee that

∥∥x̂ij(t)
∥∥ < r̂, ∀(i, j) ∈ E(0)

∥∥x̃i(t)
∥∥ ≤ ε

3
, ∀i = 1, . . . ,N.

For delayed communications, as discussed in Remark 4,
‖x̂ij(t)‖ < r̂ does not guarantee that the proxy of agent i
can receive at time t the information sent by the proxy of
agent j at time t − Tji(t). Thus, ‖x̂ij(t)‖ < r̂ is not sufficient
for connectivity preservation. To account for the delay-induced
mismatches ‖x̂j(t) − x̂j(t − Tji(t))‖, the set of neighbors of
agent i is redefined by

Ni = {
j ∈ V | (i, j) ∈ E(0) and |x̂ij|T < r̂

}
(29)

where

|x̂ij|T = sup
−Tji≤τ≤0

∥∥x̂i(t)− x̂j(t + τ)
∥∥. (30)

Assumption 3 implies that ‖xij(0)‖ < r−ε < r̂, ∀(i, j) ∈ E(0).
Letting the initial state of the virtual proxy (24) be

x̂i(τ ) = xi(τ ) and ˙̂xi(τ ) = 0 ∀τ ∈ [−Ti, 0] (31)

ensures that j ∈ Ni(0) if and only if (i, j) ∈ E(0). Then,
the connectivity of the time-delay EL network with bounded
actuation is preserved if the set Ni is rendered invariant,
that is,

Ni(t) = Ni(0) ∀t ≥ 0 (32)

and if

‖x̃i(t)‖ ≤ ε

3
∀i = 1, . . . ,N,∀t ≥ 0. (33)

More specifically, as discussed in Remark 4, the undirected
communication link between agents i and j exists at time t,
that is, (i, j) ∈ E(t), iff ‖xi(t)−xj(t −Tji(t))‖ ≤ r and ‖xj(t)−
xi(t − Tij(t))‖ ≤ r. The conditions (32) and (33) lead to

|xij|T = sup
−Tji≤τ≤0

‖xi(t)− xj(t + τ)‖

= sup
−Tji≤τ≤0

(∥∥xi(t)− x̂i(t)+ x̂i(t)− x̂j(t + τ)

+ x̂j(t + τ)− xj(t + τ)
∥∥)

≤ ∥∥x̃i(t)
∥∥+ sup

−Tji≤r≤0

∥∥x̂i(t)− x̂j(t + τ)
∥∥

+ sup
−Tji≤τ≤0

‖x̃j(t + τ)‖

= ‖x̃i(t)‖ + |x̂ij|T + sup
−Tji≤τ≤0

‖x̃j(t + τ)‖

<
ε

3
+ r̂ + ε

3
= r ∀(i, j) ∈ E(0) (34)

and thus are sufficient to maintain the connectivity of the time-
delay EL network with bounded actuation.

By the design of the virtual proxies (24), actuator satura-
tion makes the agent-proxy couplings dynamic but symmetric
and thus passive. The potential energy stored in the coupling
between agent i and its proxy is

φi(x̃i) =
∫ x̃i

0
Sati(Piσ )

Tdσ . (35)

Then, the following three propositions combined give an
optimal φ∗ such that ‖x̃i(t)‖ ≤ (ε/3) is guaranteed if
φi(x̃i) ≤ φ∗.

Proposition 1: The potential function φi(x̃i) in (35) is
convex with respect to x̃i on R

n.
Proof: The gradient of φi(x̃i) with respect to x̃i is

∇φi
(
x̃i
) = Sati

(
Pix̃i

)
.

Let y ∈ R
n and z ∈ R

n. Then, it holds that

(∇φi(y)− ∇iφ(z))T(y − z)

= (Sati(Piy)− Sati(Piz))T(y − z)

=
n∑

k=1

(
satki

(
Piy

k
)

− satki
(

Piz
k
))(

yk − zk
)

≥ 0

because satki (·) are nondecreasing functions. By the first-order
convexity condition, φi(x̃i) is convex on R

n.
Proposition 2: On the ball B(0, (ε/3)) = {x̃i | ‖x̃i‖ ≤

(ε/3)}, the potential function φi(x̃i) is maximum on the
boundary ‖x̃i‖ = (ε/3) and minimum at the origin x̃i = 0.

Proof: The function φi(x̃i) is continuous on the closed and
bounded ball B(0, (ε/3)) ⊆ R

n. Therefore, by the Weierstrass
theorem, φi(x̃i) attains its global minimum and maximum on
B(0, (ε/3)). Further, φi(x̃i) is convex on R

n. Hence, on the ball
B(0, (ε/3)), φi(x̃i) attains its global maximum on the boundary
of B(0, (ε/3)), and its global minimum at the point ∇φi(x̃i) =
Sati(Pix̃i) = 0, that is at x̃i = 0.
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Proposition 3: Let φ∗
i be the minimum value of φi on the

boundary of the ball B(0, (ε/3))

φ∗
i = min

x̃i

φi
(
x̃i
) =

∫ x̃i

0
Sati(Piσ )

Tdσ

s.t. ‖x̃i‖ = ε

3
. (36)

If φi(x̃i) ≤ φ∗
i , then x̃i ∈ B(0, (ε/3)).

Proof: Suppose there exists x̃i /∈ B(0, (ε/3)) such
that φi(x̃i) ≤ φ∗

i . Then, there exists 0 < λ < 1 such that
x = λ0 + (1 − λ)x̃i is on the boundary of B(0, (ε/3)), that is,
‖x‖ = (ε/3). By the convexity of φi(·), it follows that:

φi(x) = φi
(
λ0 + (1 − λ)x̃i

) ≤ λφi(0)+ (1 − λ)φi
(
x̃i
)

= (1 − λ)φi
(
x̃i
)
< φ∗

i

which contradicts φi(x) ≥ φ∗
i . Therefore, φi(x̃i) ≤ φ∗

i implies
that x̃i ∈ B(0, (ε/3)).

The Lyapunov candidate used to investigate connectivity-
preserving synchronization of the time-delay EL network (1)
with limited actuation is

V = Vk + Vp + ω̂ · Vd (37)

where ω̂ > 0 and

Vk = 1

2

N∑

i=1

(
ẋT

i Miẋi + ˙̂xT
i M̂i

˙̂xi

)

Vp = 1

2

N∑

i=1

∑

j∈Ni(0)

ψ̂(‖x̂ij‖)+
N∑

i=1

φi(x̃i)

Vd =
N∑

i=1

∑

j∈Ni(0)

Tji ·
∫ t

t−Tji

‖˙̂xj(θ)‖2dθ. (38)

Compared to (8), in (38), Vk is the kinetic energy of the EL
network plus all the proxies; Vp is the potential energy of all
agent-proxy and interproxy couplings; and Vd evaluates the
impact of the time-varying delays on the constraints imposed
on interproxy distances by connectivity preservation.

Then, the following lemma facilitates the proof of connec-
tivity maintenance.

Lemma 2: Let the EL network (1) satisfy Assumptions 1–3,
and let r̃ = r̂ − κ · ε/3 with 0 < κ < 1, M = |E(0)|, and

φ∗ = min
i=1,...,N

(
φ∗

i

)
.

Select P̂, Q̂, and ω̂ by

[
r̃2 − M · (r − ε)2

]
Q̂ ≥

[
r̃2 + M ·

(
r̂2 − r̃2

)]
(r − ε)2 − r̂2r̃2

(39)

P̂ = φ∗

r̃2
·
(

r̂2 − r̃2 + Q̂
)

(40)

ω̂ ≥ 9φ∗

κ2ε2
. (41)

Then, V(τ ) ≤ V(0) ∀τ ∈ [0, t] implies (32) and (33), that is,
Ni(t) = Ni(0) and ‖x̃i(t)‖ ≤ (ε/3) ∀i = 1, . . . ,N and ∀t ≥ 0.
By (34), it further implies that |xij|T < r ∀(i, j) ∈ E(0), that
is, all initial links are maintained regardless of the delays.

Proof: By Assumption 2 and the initial state set in (31) of
every virtual proxy, it follows that Vk(0) = Vd(0) = 0 and
φi(x̃i(0)) = 0 for i = 1, . . . ,N. Then, Q̂ in (39) and P̂ in (40)
lead to

V(0) = 1

2

N∑

i=1

∑

j∈Ni(0)

ψ̂
(‖x̂ij(0)‖

)

<
MP̂ · (r − ε)2

r̂2 − (r − ε)2 + Q̂
≤ P̂ · r̃2

r̂2 − r̃2 + Q̂
= φ∗.

If V(t) ≤ V(0) for any t ≥ 0, then Vk(t) ≥ 0 and Vd ≥ 0
imply Vp(t) < φ∗. Further, (35) implies φi(x̃i) ≥ 0 and, thus,
Vp defined in (38) implies

1

2

N∑

i=1

∑

j∈Ni(0)

ψ̂
(‖x̂ij‖

)
< φ∗ = P̂ · r̃2

r̂2 − r̃2 + Q̂
.

An analysis by contradiction similar to the analysis in
Lemma 1 leads to

0 ≤ ψ̂
(‖x̂ij(t)‖

) = P̂ · ‖x̂ij(t)‖2

r̂2 − ‖x̂ij(t)‖2 + Q̂
< φ∗

and thus to

‖x̂ij(t)‖ < r̃, ∀(i, j) ∈ E(0). (42)

Because ψ̂(‖x̂ij(t)‖) ≥ 0, Vp(t) < φ∗ implies that φi(x̃i) < φ∗
and, by Proposition 3, that

‖x̃i(t)‖ < ε

3
, ∀i = 1, . . . ,N. (43)

For ω̂ selected by (41), ψ̂(‖x̂ij(t)‖) ≥ 0, φi(x̃i) > 0 and
V(t) ≤ V(0) = φ∗ lead to

Vd(t) ≤ φ∗

ω̂
≤ κ2ε2

9
.

Similar to the proof of Lemma 1, the Cauchy–Schwarz
inequality can be applied to lower bound Vd by

Vd(t) ≥
N∑

i=1

∑

j∈Ni(0)

sup
−Tji≤τ≤0

∥∥x̂j(t)− x̂j(t + τ)
∥∥2
.

Hence, it follows that:

sup
−Tji≤τ≤0

∥∥x̂j(t)− x̂j(t + τ)
∥∥ ≤ √

Vd(t) ≤ κ · ε
3
. (44)

Together, (42) and (44) imply that
∣∣x̂ij(t)

∣∣
T = sup

−Tji≤τ≤0

∥∥x̂i(t)− x̂j(t + τ)
∥∥

= sup
−Tji≤τ≤0

∥∥x̂i(t)− x̂j(t)+ x̂j(t)− x̂j(t + τ)
∥∥

≤ ∥∥x̂ij(t)
∥∥+ sup

−Tji≤τ≤0

∥∥x̂j(t)− x̂j(t + τ)
∥∥

< r̃ + κ · ε
3

= r̂ (45)
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and thus that ‖x̂d
ij‖ < r̂ for any (i, j) ∈ E(0), that is, Ni(t) =

Ni(0) for all i = 1, . . . ,N and t ≥ 0.
By (34), (43) together with (45) prove that all initial links

are maintained regardless of the delays.
The following proposition facilitates the proof of

connectivity-preserving synchronization in Theorem 2.
Proposition 4: Let Sat(·) be a standard saturation function.

For any x ∈ R
n, y ∈ R

n, the following inequality holds:

−xTSat(x + y) ≤ −xTSat(y).

Proof: It suffices to show that −xksat(xk +yk) ≤ −xksat(yk)

for any k = 1, . . . , n, where xk and yk are the kth elements of
x and y, respectively. Let the bound on sat(·) be s.

1) Let sat(xk + yk) = xk + yk. If sign(xk) = sign(yk), then
it holds that −xksat(xk + yk) = −x2

k − xkyk ≤ −xkyk ≤
−xksat(yk). If sign(xk) �= sign(yk), then it holds that
−xksat(xk + yk) = −x2

k + |xkyk| ≤ |xk|s. Further:
a) if sat(yk) = yk, then −xksat(yk) = |xkyk| follows;

or
b) if sat(yk) = s · sign(yk), then −xksat(yk) = |xk|s

follows.
In both cases, −xksat(xk + yk) ≤ −xksat(yk) holds.

2) Let sat(xk + yk) �= xk + yk. If sign(xk + yk) =
sign(xk), then it holds that −xksat(xk + yk) = −|xk|s ≤
−xksat(yk). This gives −xksat(xk + yk) ≤ −xksat(yk). If
sign(xk + yk) �= sign(xk), then sign(yk) �= sign(xk) and
|yk| ≥ s + |xk|. It follows that −xksat(xk + yk) = |xk|s
and −xksat(yk) = −xk · s · sign(yk) = |xk|s. Hence,
−xksat(xk + yk) ≤ −xksat(yk).

Theorem 2: Let the time-delay EL network with bounded
actuation (1) satisfy Assumptions 1–3. Then, the con-
trols (24) and (27) preserve all initial links and synchronize
the network if the parameters P̂, Q̂, and ω̂ are selected
by (39)–(41), and the gains Pi, Ki, and K̂i satisfy

K̃i = K̂i − 1

2

∑

j∈Ni(0)

[(
2ω̂ + υ̂

) · Tij + υ̂ · Tji
]
> 0 (46)

where υ̂ = 2P̂Q̂−3 · (r̂2 + Q̂) · (4r̂2 + Q̂).
Proof: By property P.2 and Proposition 4, the derivative

of Vk along the closed-loop system dynamics can be upper
bounded as follows:

V̇k = 1

2

N∑

i=1

(
ẋT

i Ṁiẋi + 2ẋT
i Miẍi + 2 ˙̂xT

i M̂i
¨̂xi

)

=
N∑

i=1

ẋT
i Sati

(−Pix̃i − Kiẋi
)+

N∑

i=1

˙̂xT
i Sati

(
Pix̃i

)

−
N∑

i=1

˙̂xT
i

∑

j∈Ni

∇iψ̂
(
‖x̂d

ij‖
)

−
N∑

i=1

K̂i‖˙̂xi‖2

≤
N∑

i=1

(
ẋT

i Sati
(−Pix̃i

)+ ˙̂xT
i Sati

(
Pix̃i

))

−
N∑

i=1

∑

j∈Ni

˙̂xT
i ∇iψ̂

(
‖x̂d

ij‖
)

−
N∑

i=1

K̂i‖˙̂xi‖2

= −
N∑

i=1

˙̃xT
i Sati

(
Pix̃i

)−
N∑

i=1

K̂i‖˙̂xi‖2

−
N∑

i=1

∑

j∈Ni

˙̂xT
i ∇iψ̂

(
‖x̂d

ij‖
)
. (47)

Assumption 3 and the definitions of ψ̂(‖x̂ij‖) and φi(x̃i)

lead to

V̇p = 1

2

N∑

i=1

∑

j∈Ni(0)

( ˙̂xT
i ∇iψ̂

(‖x̂ij‖
)+ ˙̂xT

j ∇jψ̂
(‖x̂ij‖

))

+
N∑

i=1

˙̃xT
i Sati

(
Pix̃i

)

=
N∑

i=1

∑

j∈Ni(0)

˙̂xT
i ∇iψ̂

(‖x̂ij‖
)+

N∑

i=1

˙̃xT
i Sati

(
Pix̃i

)
. (48)

Constant delay upper bounds Tji indicate that

V̇d =
N∑

i=1

∑

j∈Ni(0)

Tji ·
(
‖˙̂xj(t)‖2 − ‖˙̂xj

(
t − Tji

)‖2
)
. (49)

Because Ni(t) = Ni(0) ∀i = 1, . . . ,N at time t = 0,
and V(τ ) ≤ V(0) ∀τ ∈ [0, t] implies Ni(t) = Ni(0) and
‖x̃i(t)‖ ≤ (ε/3) ∀t ≥ 0 and ∀i = 1, . . . ,N by Lemma 2, set
invariance [53] can again be leveraged to prove connectiv-
ity maintenance by induction on time [25]. Let V(τ ) ≤ V(0)
∀τ ∈ [0, t) and thus Ni = Ni(0) ∀τ ∈ [0, t) in (47). It then
suffices to prove V(t) ≤ V(0) as follows.

The definition of Ni implies that |x̂ij|T < r̂ and, thus, that
‖x̂ij‖ < r̂ and ‖x̂d

ij‖ < r̂. Then, similar to (20)

˙̂xT
i ∇iψ̂

(‖x̂ij‖
)− ˙̂xT

i ∇iψ̂
(
‖x̂d

ij‖
)

≤ υ̂ · ‖˙̂xi‖ · ‖x̂j − x̂jd‖ (50)

holds ∀j ∈ Ni(0). Using (50) in the sum of (47)–(49) yields

V̇ ≤
N∑

i=1

∑

j∈Ni(0)

[ ˙̂xT
i ∇iψ̂

(‖x̂ij‖
)− ˙̂xT

i ∇iψ̂
(∥∥∥x̂d

ij

∥
∥∥
)]

−
N∑

i=1

K̂i · ‖˙̂xi‖2 +
N∑

i=1

∑

j∈Ni(0)

ω̂Tji · ‖˙̂xj(t)‖2

≤
N∑

i=1

∑

j∈Ni(0)

υ̂ · ‖˙̂xi‖ · ‖x̂j − x̂jd‖

−
N∑

i=1

⎛

⎝K̂i −
∑

j∈Ni(0)

ω̂Tij

⎞

⎠ · ‖˙̂xi‖2. (51)

Applying the Cauchy–Schwarz inequality as in (22) leads to

∫ t

0
‖˙̂xi(θ)‖ · ‖x̂j(θ)− x̂jd(θ)‖dθ

≤ Tji

2
·
(∫ t

0
‖˙̂xi(θ)‖2dθ +

∫ t

0
‖˙̂xj(θ)‖2dθ

)
. (52)
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Then, the time integration of (51) from 0 to t together with (52)
lead to the following upper bound on V(t):

V(t) ≤
N∑

i=1

∑

j∈Ni(0)

υ̂Tji

2
·
∫ t

0

(
‖˙̂xi(θ)‖2 + ‖˙̂xj(θ)‖2

)
dθ

−
N∑

i=1

⎛

⎝K̂i −
∑

j∈Ni(0)

ω̂Tij

⎞

⎠ ·
∫ t

0
‖˙̂xi(θ)‖2dθ + V(0)

= V(0)−
N∑

i=1

K̃i ·
∫ t

0
‖˙̂xi(θ)‖2dθ. (53)

Because K̃i are positive by (46), (53) guarantees that V(t) ≤
V(0) and, by Lemma 2, that all initial links are preserved.

Synchronization can be concluded by noting that (53) also
yields that ˙̂xi ∈ L2 ∩ L∞, which implies that ˙̂xi → 0. After
obtaining the time derivative of ¨̂xi in (24), Barbalat’s lemma
yields ¨̂xi → 0. The bounded second derivative of ¨̂xi leads
to

...
x̂ i → 0 and further to ˙̂xi → ẋi → 0 and x̂ij → 0. The

derivative of (1) gives ẍi → 0 and thus Sati
(
Pi(x̂i − xi)

) → 0.
Together, all the above inferences lead to x̃i → 0 and x̂ij → 0,
that is, to xi → xj.

Remark 10: The first stepping-stone in the proposed indi-
rect coupling framework is to connect the agents only to
their proxies and through saturated P+d control. Single robot
regulation control [50] provides the impetus for employing sat-
urated P+d terms for agent control, by showing that the control
exploits actuator capabilities better than other saturating con-
trollers, potentially speeding up convergence. The virtual
proxies decouple the actuator saturation and time-varying
delays in agent-proxy and interproxy couplings, respectively,
thereby permitting the control design to tackle them separately.
The second stepping-stone of the framework is to convert the
impact of limited actuation on connectivity maintenance to
a constraint on the time-delay interproxy couplings. Then,
a single Lyapunov candidate (37) can verify all constraints
after synchronizing the upper bounds of their corresponding
potential functions.

Remark 11: Existing work has proposed controllers for
connectivity-preserving consensus of first-order [5] and
second-order MASs [25]. Connectivity-preserving consensus
of first-order networks with bounded actuation has been
studied in [12]. To the authors’ best knowledge, connectivity-
preserving consensus of EL networks with time-varying delays
and bounded actuation has remained an open question. The
key challenge in this question is the saturated actuation. Given
unlimited actuation, Section III-A has shown that proper mod-
ulation of the inter-agent couplings and sufficient local damp-
ing injection preserve the local connectivity of time-delay EL
networks during synchronization. Actuator saturation, how-
ever, limits the coupling stiffness and the injected damping.
Thereby, it prevents existing controllers from guaranteeing
connectivity and, implicitly, synchronization.

Remark 12: This paper focuses on the connectivity-
preserving synchronization of time-delay EL networks with
undirected communications.

1) Given unbounded actuation (Section III-A), gradient-
based controls couple initially adjacent agents

Fig. 1. A Geomagic Touch haptic robot.

symmetrically. In particular, the gradient term
−∇iψ(‖xd

ij‖) in the control ui designed in (3) connects
agent i to agent j. Correspondingly, the gradient term
−∇jψ(‖xd

ji‖) in the control uj connects agent j to
agent i because i ∈ Nj iff j ∈ Ni for undirected
communications.

2) Given bounded actuation (Section III-B), saturated pro-
portional controls interconnect each agent with its proxy
while gradient-based controls couple proxies of initially
adjacent agents symmetrically. In particular, the satu-
rated proportional control −Pix̃i in (27) and Sati(Pix̃i)

in (24) interconnects agent i with its proxy. Further, the
gradient terms −∇iψ̂(‖x̂d

ij‖) and −∇jψ̂(‖x̂d
ij‖) mutually

couple the proxies of initially adjacent agents i and j
according to (24). In this context, adjacent agents are
interconnected/coupled indirectly, through their proxies.

Thus, this paper develops gradient-based controls that symmet-
rically couple initially adjacent agents, directly or indirectly,
to preserve their undirected communication links.

Remark 13: The strategies in this paper do not extend to EL
networks with directed communications directly. The asym-
metry of agent couplings in directed networks poses the key
obstacle. For example, if agent j receives information from
agent i but not vice versa, agent j must remain sufficiently
close to agent i to preserve the unidirectional communication
link (i, j) while agent i does not know the state of agent j.
Hence, agent i affects the motion of agent j but agent j can-
not affect the motion of agent i. This is unlike the control
strategies in this paper, which employ mutual and symmetric
couplings, as discussed in Remark 12.

IV. EXPERIMENTS

This section compares the controllers, proposed in (3)
for time-delay EL networks with full actuation, and in (24)
plus (27) for time-delay EL networks with limited actuation, to
conventional P+d control [4] through experiments with N = 3
Geomagic Touch haptic robots. Each robot has three actuated
joints as shown in Fig. 1 and thus, can drive its end-effector
in 3-D task space. Each robot has an inner-loop controller for
gravity compensation in joint space, and an outer-loop con-
troller for synchronization in task space. The video of the
experiment is available at https://youtu.be/P5sY_8l0ihw.

The robots are initially at rest at x1(0) =
(−0.15,−0.1,−0.1)T m, x2(0) = (−0.15, 0.15, 0.12)T m,
and x3(0) = (−0.2, 0,−0.05)T m. Their communica-
tion radius is r = 0.25 m. Hence, agent 1 and agent 3,
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Fig. 2. Initial positions xi(0) of the end-effectors of three robots i = 1, 2, 3.
Their communication zones, each with radius r, are depicted as spheres cen-
tered around the initial positions. Black solid lines connect initially adjacent
agents.

(a)

(b)

Fig. 3. Experimental interagent distances and steady-state positions of the
end-effectors of three robots with communication distances r = 0.25 m under
conventional P+d synchronization control [4]. The P+d controller cannot
preserve the initial link (2, 3) and thus fails to synchronize the three end-
effectors.

and agent 2 and agent 3 are initially adjacent, that is,
E(0) = {(1, 3), (2, 3)}. Fig. 2 depicts the initial positions of
the end-effectors of three robots and the connectivity of the
EL network. Time-varying communication delays Tij(t) are
up to Tij = 5 ms.

A. Proportional Plus Damping Control [4]

Let the parameters giving the synchronizing P gains be
pi = 1, ω13 = ω31 = 200, and ω23 = ω32 = 0.5. If
the agent communication distances are unlimited, conventional
P+d control with damping gains d1 = 8, d2 = 5, and d3 = 3

(a)

(b)

Fig. 4. Experimental interagent distances and end-effectors paths of three
robots with communication distances r = 0.25 m under the proposed gradient
plus damping control (3). The controller preserves connectivity but loosely
synchronizes the robots, with steady-state position errors smaller than 0.05 m.

stably synchronizes the EL network. However, it cannot syn-
chronize the three robots with the given communication radius
r = 0.25 m (see Fig. 3). Because agent 3 has a much stiffer
coupling to agent 1 than to agent 2, it moves away from
agent 2 so quickly that the distance between them increases to
about 0.3 m before agent 2 can track it. The controller cannot
maintain the initial link (2, 3). As a result, the network looses
connectivity. Agent 2 becomes isolated and the controller can-
not synchronize it with the other two agents, as seen in Fig. 3.
This experiment verifies that the connectivity of EL networks
whose agents have limited communication distance must be
guaranteed during synchronization.

B. Proposed Gradient Plus Damping Control in (3)

After setting Q = 0.0047 to satisfy condition (9), P = 0.2
is tuned heuristically to couple the initially adjacent agents.
In the presence of friction in the joints and unreliable veloc-
ity measurements, the local damping gains which practically
stabilize the robots are K1 = K2 = 3 and K3 = 6.
Fig. 4(a) verifies that the proposed gradient plus damping
control (3) restricts the distances between agents 1 and 3,
and between agents 2 and 3, below r. Hence, it preserves
all initial links, (1, 3) and (2, 3), during synchronization. Its
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(a)

(b)

Fig. 5. Experimental interagent distances and end-effector paths of three
robots with communication distances r = 0.25 m under the proposed indirect
coupling strategy (24) and (27). The strategy preserves connectivity and prac-
tically better synchronizes the robots, with steady-state position errors smaller
than 0.02 m.

gradient terms (4) make the interagent couplings more com-
pliant when the interagent distances decrease. The parameters
P and Q can reduce overshoots by weakening initially stiff
couplings (see Fig. 4(a)). However, they make interagent cou-
plings over-compliant when the interagent distances become
small. Compliant interagent couplings demand relatively large
position errors to balance gravity compensation errors and
intrinsic friction in the robot joints. Therefore, the robots can
only be driven closely to the others, with steady-state position
errors smaller than 0.05 m, as depicted in Fig. 4.

C. Proposed Indirect Coupling Control in (24) and (27)

The control force in each direction is bounded by uk
i =

0.5 N for all robots. Each robot i is tightly connected to
its proxy by Pi = 500 and Ki = 5. Given r̂ = 0.24 m,
the selection Q̂ = 0.0013 guarantees condition (39). Then,
P̂ = 0.2 and K̂i = 24 practically stabilize the system. All
actuators of all robots saturate for a certain time during the
first 10 s of the synchronization. The actuator force time histo-
ries are omitted here due to limited space, but are presented in
the video of the experiments at https://youtu.be/P5sY_8l0ihw.
Although the saturation of the actuators makes the interagent
distances fluctuate during the first 10 s, the indirect coupling
strategy maintains the distances between agents 1 and 3 [the

red solid line and the orange dashed line in Fig. 5(a)], and
between agents 2 and 3 [the blue solid line and the green
dashed line in Fig. 5(a)], strictly smaller than their communi-
cation distance r and thus, preserves the connectivity of the
network. Compared to Fig. 4(b), it synchronizes the robot
end-effectors better, with steady-state errors reduced to about
0.02 m in Fig. 5(b). The parameters P̂ and Q̂ can be selected to
stiffen the dynamic interproxy couplings even for small inter-
proxy distances, and the virtual damping K̂i can be injected to
address the delay-induced instability independent of unreliable
robot velocity measurements.

V. CONCLUSION

This paper has investigated the impact of time-varying
delays and actuator saturation on the connectivity-preserving
synchronization of EL networks. For time-delay EL networks
with unbounded actuation, this paper has proposed a
gradient plus damping control that modulates the agent
interconnections dynamically and injects damping locally to
preserve connectivity during synchronization. For time-delay
EL networks with bounded actuation, this paper has developed
an indirect coupling strategy that decomposes the interagent
couplings into agent-proxy and interproxy couplings, and over-
comes actuator saturation in the former and time-varying
delays in the latter. Experiments with three Geomagic Touch
haptic robots have validated the proposed designs.

The connectivity of practical multirobot networks is also
threatened by uncertain perturbations. Future work will inves-
tigate the robust connectivity maintenance for perturbed EL
networks, especially for the human-in-the-loop swarms.
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